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II.Lesson

Telecommunication systems - such as optical systems dedicated to image formation - are
conceived to collect, treat and transport information. In the first case, information is generally
encoded temporally (for example a modulated voltage), whereas in the second case it is
encoded spatially (amplitude or intensity spatial profile). On a fundamental point of view, this
difference is rather minimal.

A common point between the two disciplines lies in the mathematics used to describe them:
system theory and Fourier analysis. The fundamental reason for this similarity is not only the
word “information” but rather some properties such as linearity or invariance. Any (electronic,
optic, or other) system or device which verifies those two properties can be mathematically
described in a surprisingly easily fashion by using the techniques of frequency analysis. In the
same way as it is convenient to describe amplifiers in terms of their temporal frequency
responses, it is often convenient to describe image formation systems in terms of their spatial
frequency responses.

It is particularly important to notice that this mathematical similarity can be exploited not only
to analyze the phenomenons at stake but also to synthesize new functions. Similarly to the
spectrum of a temporal function which can be intentionally manipulated using electrical
filtering, the spectrum of a spatial function can be modified in diverse ways. The example of
Zernike's contrast phase microscope (Noble Prize) is the best piece of evidence.

1. Two-Dimensional Fourier Analysis

Two-dimensional Fourier analysis is an extremely useful mathematical tool to study linear and
nonlinear phenomenons. For a detailed study of mathematical concepts, the reader can
consult, for example, references [ [The Fourier integral and its application]] and/or [ [The
Fourier transform and its application]]. P.M. Duffieux, a French scientist, was the first to use
Fourier methods to analyze optical systems [ [L'intégrale de Fourier et ses applications a
I'optique]].

1.1. Definitions

a) Fourier transform

The Fourier transform (or Fourier spectrum, or frequency spectrum) of a complex function &
of 2 independent variables x and Y is noted G or FT(8), and is defined by:

G(u,v) =FT(g) = [ [ g(x,y)e M dxdy
G is a function, taking complex values, of two independent variables u and v. Those variables
are considered as spatial frequencies.

In a similar fashion, the inverse FT of a function G(i, V) is noted FT™'(G)and is defined by:

o0 00

FT7YG) = f fG(u,v)e+j2”(”x+vy)dudv

—00—00

The functions FT and FT ! only differ by the sign of the exponent.
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Définition
The Fourier spectrum G of a function & is therefore simply the ensemble of weighting factors
that should be applied to each elementary function e*/2*“*") in order to restore the function &.

We will come back to the physical meaning of these elementary functions later in the
document.

b) Dirac delta distribution

The Dirac delta distribution (also simply called delta function)5(x,)’) is defined by its
effect when used inside an integral. Mathematically, we have:

[ f(x,)6(x, y)dxdy = f(0,0)

As a simple representation of this “function”, we can consider that it takes an infinite value at
the point {x=0,y= 0}, it takes zero values everywhere else (it is defined for all real numbers),

and it verifies ffd(x,y)dxdy =1

1.2. Theorems relating to Fourier transform

a) Introduction

The theorems below will be frequently used as they can greatly facilitate the search of
solutions to Fourier analysis problems. Let's define :

FT[g(x,y)] = G(u,v) and FT[h(x,y)] = H(u,v)

b) Linearity theorem

The Fourier transform of a sum of 2 functions is the sum of the 2 respective Fourier
transforms:

FT(ag + Bh) = a TF(g) + B TF(h)
c) Scaling theorem

A dilation of the spatial coordinates (%,¥) results in a contraction of the frequencies u and v,
and in a change in the amplitude of the whole spectrum:

1 ~uv

FT = —G(—-

[g(ax, Dy)] b G(a, b)
d) Transposition, conjugation and derivation

The transpose of &(X.Y) is &(=x,=y) : FT[g(—x,-y)] = G(~u,-v),
Conjugation : FT(g(x,y)") = G*(-u,—v),

[g(x, )7)]}= (j2mu)"G(u,v) pour n > 1

n

FT{ -
Derivation : Ox

e) Translation theorem
FT{g(x —a,y — b)}= G(u,v)e ¥uatvb)
A translation in the spatial domain results in a linear phase shift in the frequency domain.

f) Parseval's theorem

This theorem expresses energy conservation.

[ [Igtx.y)Pdxdy = [ [IGu,v)Pdudv
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g) Convolution theorem

The convolution of 2 functions in the spatial domain is equivalent to a simple multiplication of
their Fourier transforms in the frequency domain:

FT{ ? [ gla.ph(x—a,y-B)d ad ,8}: TF(gh)=Gu,v) - Hu,v)

h) Autocorrelation theorem

This is a particular case of the previous theorem:

FT{ [ [s(@.pg@-x.B-ydad ,8}: IG(u,v)?

i) Reciprocity theorem

Applying successively a FT and a FT~! to a function restores that function, except at the
points of discontinuity:

FT{F T‘l[g(x,y)]}= F T‘I{F T[g(x, y)]}= g(x,y)

1.3. Separable functions

a) Introduction
A function of 2 independent variables is said to be separable if it can be expressed as a
product of 2 functions, each of them depending on only one variable.
Example:
8 (x,y) = gx(x)gy(y)
In polar coordinates:
8 (r,0) = g,(r)go(0)
These functions are easier to deal with because their two-dimensional FT simplifies in the
product of 2 unidimensional FT's:

ffg(x,y)e—ﬂﬂ'(u x+v y)dxdy

FT(g(x,y)) =
= f gx(N)e 7 Vlx f 8y I dy

= FTx(gx) : FTy(gy)

b) Functions with circular symmetry

Those functions play an important role in optics where problems often exhibits this particular
symmetry. A function § is of circular symmetry if it can be written, in polar coordinates, as a
function of the only variable r:

g(r,0) = g(r)
We recall the FT definition:

Gu,v) = f f g(x, y)e /W v Dy

—00—00
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To rrzake)use of the circular symmetry of 8§, we use planar polar coordinates in the planes (x, y)
and (U, V);

r= Vx2+y2 . x:rCOS(O) . P = Vu? + v? . u:pcos(¢)
6=1g" ();;) ’ y = rsin(6) ’ ¢=tg! (5) ’ v = psin(p)

In the general case, we have:

FT(g) = G(u,v) = Go(p,¢)

In polar coordinates, we can write:
ux+vy=rp(cosfcosy +sinfdsing) = rpcos(d — ¢)
dxdy =dS =rdrd 0

consequently:

Golp, ) = f f g (r)e 727Peos=9)rdrd @

To cover the whole plane (x,¥) with x and ¥ ranging from —oo to +oo0, the double integral
bounds become 0 < r < 00 and 0 < 8 < 2x. Therefore:

00 2r
&m@=ﬁ&m@kmmmwwpr
0 0

We define the Bessel function of first kind and zero order, Jo(a) , where a is a non-dimensional
variable, by the following integral:

1 2 )
Jo(a) = 7 f e 450 qg
0

We can always choose the origin of angles in the plane (u,v) in order to obtain
cos(8) — ¢) = cos(9) : therefore equation (I-1) becomes:

Golp, @) = 27 [r g,(r)JoQrrp)dr = Go(p)
0

By integrating this latter equation over r, we notice that Go depends only on P .

This particular form of the FT is quite common in optics. We call it Fourier-Bessel transform
or zero-order Hankel transform.

A similar demonstration shows that the inverse FT of a function with a circular symmetry Go
can be expressed by:

g&r(r) = 27Tfp(~;o(p).]0(2ﬂ'rp)dp
0

Therefore, there is no difference between direct and inverse transforms for functions with
circular symmetry. We use the notation B{ } to represent a Fourier-Bessel transform.
Remarque

B{ } is nothing else but a particular case of a two-dimensional F'T. Therefore, any property of
conventional FT's finds its analog among the properties of B{ }. In particular:

Blgitan) = —Gol )

Conception & production : Le Mans Université 7



Lesson

1.4. Some commonly used functions and their Fourier
Transforms

a) Definition

1;if x| <1/2
Rectangle | rect(x) = O ; elswhere
Sinc (Cardinal

Sine) sinc(x) = | sin(mtx)/(mx)

1-x| ; if x| <1

Triangle tri(x) = | 0; elsewhere

1;ifr<1
Circle circ(r)= | 0; elsewhere

b) Graphic representation

T rect(x :
() boRIe(x)
1 I -
[
g e i
1 1 x O N =
2 2 i 4
. I o 1 3
cire(r)
M
tri(x)
1 Y
P »
-\H\.
-1 1 X L

Figure I-1 - Graphical representations of some functions used
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c) Fourier transforms of several separable functions in Cartesian
coordinates

Function TF
22,42 2 1 oy’
exp[—Tr(a x“+b Yy )] mexp —TT —2+?
a
rect(ax)rect(by) |1—b|sinc(u/a)sinc(v/b)
a
1 . .
tri (ax)-tri(by) msmcz(u/a)-smcz(v/b)
1
8(ax, by) w
exp[jn(ax+by)] S[u—g v—é]
27 2

d) The circle function and its Fourier transform
circry=1;ifr<1
= 0; elsewhere

The relation (I-2) for functions of circular symmetry (see paragraph “functions with circular
symmetry”) applies, with:
g(r)=1for0<r<1

By replacing (I-3) in (I-2), we obtain:
1

Go(p) = FT|circ(r)] = 2x [rJoQnrp)dr
0

We note: I’ = 27"[’; the integral bounds in relation (I-4) are equal to 0 and 27p.

Therefore:
27p

f ' Jo(r)dr
0

Go(p) = FT[circe(r)] = g

Using the relation:

[a (@) da=xi(x)

0

where J1(X) is defined as the Bessel function of first order, we finally obtain:

FT(circ(r)] = J12rp)lp
This function is represented on figure I-2.
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Figure I-2 - Fourier transform of the circle function

We note that the Fourier Transform of the function circle has a circular symmetry. It is
composed of a central peak and a series of concentric rings of decreasing amplitudes.

R ¥ 3§ & 1 1 7 T

JA2ma) b b A 4

u S P
o] e SO UEEE T % S BE RS e AT
] e Gt EOEES [EEEL BECES MR ponefenastnen

S i o 4 B %o B H

oL NS 4\/ N

05 : 1 H H H lle'l. H ': 1 1‘._ 1
=25 -2 15 1 05 0 /05 1: 15% 2 25

0.61 _ lLelY
1.117

Figure I-3 - Radial profile of the function shown in Figure I-2.

Figure I-3 represents a radial profile of this function. The zeros are not regularly spaced along
each ray as it is the case for the sinc (cardinal sine) function. The radius of the central peak is
equal to 0.61.

10
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2. Scalar theory of diffraction

To fully understand the physical properties of optical systems dedicated to image formation or
information processing, it is essential to take into account the diffraction phenomenon and the
limitations that it imposes.

2.1. Huygens-Fresnel principle

Let X be a diffracting surface (see figure II-1). The Huygens Fresnel principle can be expressed
by :
1 eJkro
U(Py) = — [[U(P)—— cos 8 dS
s

ro1

—
where 7ot = PoP1, 7 is a unit vector 1 (perpendicular) to & , 8= (i, 701) , k =2x/A, dS is an
elementary surface surrounding P1 € 2, and U(P1) and U(Po) are the field amplitudes in Piand
Po.

Physical meaning of Eq. II-1 :
The field amplitude at a point Po located after the aperture can be expressed as the

superposition of all the diverging spherical waves e [ro1 emitted by the secondary sources P1
which constitute the diffracting aperture .

Any secondary source located at P1 has the following properties:
- Its complex amplitude is proportional to the incident wave amplitude Upy) .

- It is weighted by a cos 8 term expressing its directivity with respect to the observation
point, and by a term dS corresponding the elementary surface participating to the
emission.
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Remarque

It is important to notice that this principle is nothing else but a superposition integral
expressing the system linearity: an infinity of secondary sources located on the surface X are
interfering at Po.

We can write:
U(Po) = [[h(Po, P)U(P)dS
x

where h est a weighting function defined by:
elkra
cos 6

o JA ro1

2.2. The angular spectrum of plane waves

Let's consider a monochromatic wave propagating along the z axis in the direction of 2> 0 and
incident on plane X0y . Let U(x,,0) pe the complex amplitude of the field at this plane. In this
paragraph, we will calculate the resulting field U(x,y,2) which appears at a point Po of
coordinates (*:),2) .

In the plane x0y , the function U has a FT equal to :
Ao(u,v) = f fU(x,y, 0)e =727 vV d xdy

We can consider U to be the inverse FT of its spectrum:
Ux,,0)= [ [Ao(u,v)e> " Id ydy

The equation of a plane wave of unit amplitude and which propagates along the unit vector m
in the direction defined by the direction cosines (@,B,7) can be written:

B(x,y,7) = ¢/*'7 avec k = 7_1} et? = (f,y)
2w
j—— (ax+By+yz)

Bry,n=¢ 4 avecy= \l1-a?-p

In relation (II-4), the function €Xplj2m(ux +vy)] can be considered as the expression, in the
plane z = 0, of a plane wave propagating in the direction of the direction cosines:

a=AuiB=viy=1-(u)? - ()

The complex amplitude of this elementary plane wave is Ao(u, v)dudv .

It is for this reason that the function Ao(u,v)previously defined in relation (II-3) can be written:
J2m

B 00 00 ——(ax )
Ao(%,§)= fo(x,y,O)e A +ﬁydxdy

It is called angular spectrum of the perturbation U(x,y,0)

—00—00

2.3. Helmholtz equation

A light perturbation at point P and at instant 7 is represented by the scalar function (P, ). For
a monochromatic wave, we can explicitly express it as:

u(P,t) = A(P)cos 2nvt + ¢(P))

12
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A(P) and ¢(P) are respectively the amplitude and phase of the wave at point P;v is the
temporal frequency. Using the complex notation:

u(P,1) = Re{U(P)e™">™"| where U(P) = A(P)e™ /P
U(P) is the complex amplitude.

If the real perturbation u(P, 1) represents an optical wave, it must satisfy the following scalar
wave equation at any space point where there is no source:

1 6%u
Au—-——=0
c? 012
0? 0? 0?
=oatost o3
where A is the Laplace operator: dx dy 9z° and ¢ is the speed of light.

Since the dependence with ¢ is know a priori, the knowledge of the complex function U(P) is
sufficient to describe the perturbation. By replacing (II-7) in (II-8), we deduce that the
complex amplitude must obey the following equation:

A+KHU =0
The relation (II-9) is known as the Helmholtz equation. In the following, we will assume that

the complex amplitude of any monochromatic optical wave propagating in free space must
obey that relation

2.4. Propagation of the angular spectrum

Let us consider the angular spectrum of a wave U located at a distance z along the propagation
axis (see figure II-2) :
5 Jj2n
~(a o - (ax+By)
A(—,—)z U(x,y,2)e A dxd
7 _L L (x,,2) y

o (G0 ﬁ'ﬁ]

A A .

v

Figure II-2- Propagation of the angular spectrum along z.
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To characterize the effects of wave propagation on the perturbation angular spectrum, we

- (a ~(a B
M2 A
need to determine the relation between 0 A A/ and 27 2°7). we know that U(X,¥,2) can
be written under the form of a FT ' :
27

snro = FTAR 4 T

In addition, U must follow the Helmholtz equation at any point where lghere is no source. By
a

(249

replacing (II-10) in (II-9) and after calculation, we find that A A4 must satisfy the
following differential equation [ [Aspects of diffraction theory and their application to the
ionosphere]] :

d*’A  [2n\? N
— 4+ -a*>-BHA=0
dz? ( A ) (I=a”=5"
An elementary solution to this equation can be written as:
2

~(a B - (a B\ i Vi-a?-pz
5494l 8) T

A A A A

Remarque

2.2

e This result shows that when the direction cosines satisfy the inequality @ +p <1 , the
effect of propagation on a distance 2z translates into a simple phase shift of the various
angular spectrum components.

2 2

e In the (rarer) case where the direction cosines verify @ +p°>1 (for example in the
presence of a diopter), the square root is imaginary and the previous relation can be
written:

i = 2
R,

Since M > 0, the spectral components are attenuated by the propagation phenomenon. Those
spectral components are called “evanescent waves”.

2, @2 _ :
- The borderline case where @ +f =1 corresponds to waves propagating
perpendicularly to Oz. Consequently, they transport no energy along the z axis.

2.5. The propagation phenomenon considered as a linear
spatial filter

The expression (II-11) can be rewritten as a function of the spatial frequencies u and v :

Aw,v,2) - jz—ﬂz\/I—(Au)Z—uv)Z
Ao(u,v)
The function H is called “transfer function” and characterizes the system in the frequency
domain; more particularly, here, it characterizes the propagation phenomenon.

If the distance 7 is larger than a few wavelengths, we can neglect the evanescent waves (i.e.

the case where the square root is imaginary). The transfer function then simplifies in:

2n
- J—= 2 V=)= ()2 . 2 2 1
Hu,v)y=4 € A , if uww+v-< /1—2

0, elsewhere
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Fondamental
The propagation phenomenon can be considered as a low-pass fiIter,1 whose

transmittance is equal to zero outside of a circular region of radius p= A in the
frequency plane. Inside this circular domain, the transfer function modulus is equal
to 1, but a phase shift dependent on (u,v), A and z is introduced.

2.6. Effects of a diffracting aperture on the angular spectrum of
a perturbation

We place an aperture X in the plane xOy (at z=0). We note Ui(x,y,0) the incident field just
before X and Ui(x,y,0) the transmitted field just after X (see figure II-3).

Figure II-3 - Diffrctive aperture in the xOy plane

We define the transmittance #(X,Y) of the aperture X as the ratio between the complex
amplitudes taken immediately after and before X.

t(.x y) — Ut(-x,y, 0)
’ Ui(-x, Yy, 0)
In the case of figure II-3, X being an aperture:

L it (xy) eX
1x,y) = { 0, elsewhere

a) General case, valid for any incident wave
Considering the definition of t: Ui(x,y,0) = Ui(x, y, O)I(x,y), the convolution theorem implies:

i(35)- At-(%é)*f“(%é)
with

54 oo 5

b) Particular case of a planar incident wave

In this case, the result is simpler:
Ui(x,y,0) = 1 :A(“ ﬁ) 5(3,5)

A A4 A A4
By applying (II-13):

i(3.2)=1(33)

Therefore, we directly obtain the angular spectrum of the transmitted wave by calculating the
FT of the aperture transmittance.
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Fondamental

Introducing a diffracting aperture which spatially limits the incident wave results in
broadening the perturbation angular spectrum. Indeed, the smaller is the aperture
and the wider are both its F'T and the angular spectrum of the transmitted wave. A
similar effect occurs in the temporal domain, which is characterized by the relation:
AvAt = 1. The shorter the pulse duration and the wider the frequency spectrum.

3. Fraunhofer diffraction

In the previous chapter, we presented the results of diffraction scalar theory under their most
general form. Here, we will make approximations that will allow simplifying the calculations
into basic mathematical operations.

3.1. Approximations to the Huygens-Fresnel principle

Since U(x1,¥1) = 0 outside of X (see figure III-1), we can rewrite the integral defined in Eq. II-
2A by integrating from —oo to +o0:

(o8]

U(xo.y0) = [ [ h(x0,y0, x1,y)U(x1,y1)dxidy;

General approximations:
e distance Z >> the largest linear dimension of X.
e distance z >> the largest linear dimension of the region of observation.
With those two hypothesis, we obtain:
_)
cos(n,ro1) =~ 1
1 efkra

h(xo,¥0, X1,y1) = —
jl z

The term 701 in the exponent cannot be replaced by 2 as it is done in the denominator because
the error which would result from this approximation would be multiplied by

k~2x3.14/(0.5% 107%) = 1.2 X 107 and would lead to errors on the phase far larger than 27
radians.

3.2. Fresnel approximations

(360—361)2 (o — 1)2
ror = 2 \/1 + ) + % 2_)7
z z
The Fresnel approximations consist in assuming that the first 2 terms of the square root Taylor
expansion are sufficient to correctly represent the phase, provided that z is large enough :

Lixo—x1\* 1 Yo —V1 2
(= )
ro1 { 3 p 3 p }
The weighting factor can then be written as :

ik k
%/yexp{jz—z[(xo — x1)*+(o — )’1)2]}

h(x0, Y0, X1,y1) =

16
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which means that for a distance 2 large enough, the maximum phase change due to the first
neglected term has to be << 1 rad :

kz( (gmé’X)z )<< 1

This condition will be realized if :

T
2 >> E[(xo - x1)2 + (Yo — )’I)Z]ilax

The superposition integral (III-1) then becomes :

elkz [(xo —x1)2+G0- )]
U(x0, o) = —f [ U1, ye 2 dxidy,
We can develop the quadratic terms in the exponent :
elke J£[x0+y§]°° jﬁ[xlzm] ]2_7r[x0x1+y0}’1]
U(x0, o) = JTZe 2z [ JUGLyDe 22 e Az dxidy,

Therefore, except for the phase and amplitude multiplying factors which are independent of X1
and Y1, we can calculate the diffracting wave amplitude by calculating the FT :

k
FT{U(xl,yl)exp{jiz[xf + x%]}}

This FT has to be evaluated at frequencies :
X0 | Yo

U= —; ;v=">—

Az

3.3. Fraunhofer approximations

Fraunhofer made an approximation on the quadratic phase function :

X —[2+y] k(3 + ¥y
e "2z ~1ifz >> %

This condition is even more restrictive than the Fresnel condition :

For example, if (x%"'y%)Max = Ilmm* = 107°m® and 4=05um  then the Fraunhofer
approximation corresponds to z >> 6m . With the same parameters, the Fresnel conditions
correspond to z>> lcm. For this reason, Fraunhofer diffraction is also called far-field
diffraction.

Using those conditions, the expression (III-2) can be written :
2

ek j— 3R —j——[xox1+yoy11

U(x0, o) = JTZe 2z f [ UG yne dxidy,

Except for some multlplylng factors preceding the integral, this expression is simply the FT of
the field distribution at the aperture evaluated for the frequencies ¥ = Xo/Az ; V= Yo Az,

Remarque

Fraunhofer diffracting patterns can be observed at distances smaller than previously calculated
if @ converging lens is properly placed between the aperture and the observation plane. This is
precisely what we will examine in the following section, entitled: "lens properties in relation
with the Fourier transform".

4. Lens properties in relation with the Fourier transform

17
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One of the most remarkable and most useful properties of a converging lens is its natural and
extremely simple ability to perform a two-dimensional Fourier transform. This convenient
property of the optical domain has no equivalence in the electronics domain, where an
analogue Fourier transform operation requires cumbersome and expensive frequency
analyzers.

4.1. The thin lens considered as a phase transformer

Définition
A lens is said to be thin if a ray entering through one side at point (x, y) emerges on the
opposite side at the same point (x,y) (negligible ray translation).

Therefore, a thin lens simply delays the incident wave phase with a quantity proportional to its
thickness at any point (x,y) (see figure IV-1).

¥

02 NAY

i

Tangent
| planes
Figure IV-1 Thin lens: front and side view
Let €0 be the maximum thickness of the lens, L = kne(x,y) he phase delay introduced by the

lens and ¥a = keo — ke(x, y)the phase delay introduced by the remaining part of the free space
that lies between the planes tangent to the entrance and exit sides of the lens.

The total phase delay accumulated by the wave can therefore be written:

e(x,y) = oL +@a = k(n — De(x,y) + keop

Let UL(x,¥) and Up(x,y) be the complex fields located immediately in front and below the lens.
The effect introduced by the lens can therefore be described by a phase transform
Up(x,y) = UL, WIL(x,y) where :

1(x,y) = exp (jkeo) - expljk(n — 1) - e (x,y)]

A relatively simple mathematic calculation shows that the thickness function can be written
(within the paraxial approximation)[ [Introduction to Fourier Optics]]:

1 1

where Riand Reare the radius of curvature of the entrance and exit sides of the lens. By
replacing Eq. (IV-2) in (IV-1) we obtain:

tL(x,y) = exp (jkneo) - exp

18
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If we neglect the constant phase term and we group the characteristic dimensions of the lens
(n,R1,R2) into only one number f, called focal distance, such that:

lE(n_l).(i_i)

f R R
then the phase transform can be written:
J
5707
wx.y)=e 2/

This relation neglects the finite size of the lens. We will take it into account later.

Sign convention: R > 0 for a center of curvature to the right of the surface, and R < 0 in the
opposite case. This sign convention, adopted for R and consequently for f, allows applying L
to all types of converging (figure IV-2) and diverging (figure IV-3) lenses:

Flano-convex Bi-convex
iy
R0 :
ConVer Jing meriscus
Ry RosRye—=
1 1
s
E, E;
f=0

Figure 1V-2- Various types of converging lenses
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_ Divergin
Bi-concave Plano-concave meniscus

Figure 1V-3- Various types of diverging lenses
4.2. Properties of lenses in relation to the Fourier transform

a) Introduction

In what follows, we will assume a monochromatic illumination and we will be interested in the
amplitude distribution of light in the image focal plane of the lens. Three cases will be
examined depending on the location of the object by respect to the lens.

b) Case where the object is located right near the lens

Let us consider an plane object of amplitude transmittance 1,(X,¥) located right before a
converging lens (see figure IV-4).

* UL (2,¥)

f/\ Hiu,vn
. \\j Focalp;-lane

U'_ 12,7

L J

+

Figure 1V-4- Object placed against the lens

We assume that the object is uniformly illuminated with a plane wave of amplitude A at normal
incidence. In the plane tangent to the lens side we can write:

Ur(x,y) =A-1,(x,y)

20
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The field distribution right after the back of the lens thus becomes:
Jjk
—2—(x2+y )
Up(ey) = Urxy)-e 20 P(x,y)
where, to take into account the finite size of the lens, we define the pupil function:
1, inside the lens aperture
P(x,y) = { P

0, elsewhere
In order to determine the field distribution at the lens focal plane, we apply the Fresnel
diffraction formula with 2 = f (Eq. I1I-2) :

2w
. VAN e Ve J 7P+ —1—[xu +v']
Uru',v') = e'/l_fe 2f f fUi(x y)e 2f Af dxdy
J

By letting aside the constant phase factor exp(jkf) and by replacing Up(%,Y) with its value, we
notice that the quadratic phase terms inside the integral are compensating one other:

k
J—[w?+?] 2r
N S —j— [’ +y']
Uru',v') = eT f fUL(x WP(x,y)e Af dxdy
J Zoo

If the object spatial dimensions are smaller than the lens aperture (see figure IV-5), the factor
P(x,y) disappears from the equation (since the field is equal to zero where the object is
opaque, and therefore UL(x, Y)P(x,y) = UL(x,y) :

k
J= W] 2n

—j— [ +y']

Uru',v') = e— f fUL(x y)e Af dxdy

Ohiect

: %

‘WW

i

\

/z.."":%?ﬂ /..-;";y
| 777

Figure IV-5- Object placed against the lens

Remarque

e We note that the complex amplitude at the focal plane is the Fraunhofer diffraction
figure of the incident field in front of the lens; therefore, using a lens allows to
observing Fraunhofer diffraction figure at observation distances far smaller than the
ones defined in chapter 3 (here, the observation distance is equal to f ).

e Apart from some multiplying factors in front of the integral, the previous expression

FT[UL(X,)’ ]( u V' )

(IV-3) is therefore a simple Fourier transform :
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 The quadratic phase term in front of the FT expresses what we call a “phase
curvature”.

* Generally, we are interested in If, the intensity distribution called “power angular
spectrum” or “spectral energy” of the object:
2

—j— [’ +y']

A ol 2
Iy, V') = (ﬁ)z f fto(x, ye Af dxdy

c) Object located before the lens

Let us consider an object characterized by it amplitude transmittance 1(X,¥) and located at a
distance d in front of the lens (see figure IV-6).

% 1y

[\ Qf (u',w')

&3 € L

l\] Focal plane

Obiect

[+
“Hh

v g

Figure IV-6- Object placed at a distance d in front of the lens

The previous setup is a particular case of this one (for d = 0). We assume that the object is
uniformly illuminated with a plane wave of amplitude A at normal incidence.

We define : Folu,v) = TF{A - 1o(x,»)} and F1(u,v) = TF{UL(x,»)}. We know that the transfer

function of the propagation phenomenon allows calculating FL starting from Fo (Eq. II-12 in
the section : Scalar theory of diffraction) :

2

5 5 J——d \1=(u)2—(v)?

Fr(u,v,d) = Fo(u,v)-e 4

The lens will be considered in the paraxial approximation, thzereforezthe rays are only slightly
inclined with respect to the optical axis: @ = (Au)* < land f° = (W)* < 1,

We make a Taylor expansion of the square root in the previous expressions and we obtain:
2

. 3 L
Fr(u,v,d) = Fo(u,v) - o A emimdat )
2n

e A4 is a constant phase term that can be omitted in what follows. In addition, we already
characterized the propagation of UL(x,y) between a plane located right near the lens and the
focal plane. It is described in the previous paragraph (Eq. IV-3):

J= v 2n J= 4+

~ e Bt —j— [ +y'] e . Lt’ v,
Ur',V') = ———— Ur(x,y)e Af dxdy = ———F| —, —)
! JAf _fmf JAf AL Af
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By applying the propagation transfer function (Eqg. IV-4), we obtain:
{37 437)

’ ’ ’ ’ — jr + —

BlL =g (XL L. Af) \af
Af-Af Af-Af
In the exponent term, we factorize the term 1/(Af)*, simplify by A, and introduce k = 27/4
(u (U 2f2
Fi|—,—|=F
L(ﬁf ﬂf) (ﬁf ﬂf)

Therefore the expression (IV-5) becomes:

(u/2+v/2)

]_ [u/2+v/2]

2f _(u 2'2
e T vy

By regrouping the exponential functions we find:

(u/2+v/2)

ko d
u ) —(u +")(1-—)

1 .
Uru',v) = — F( 2f f
! jaAf \afaf
or again:
k d
Y AL 2 )
- e pe/ vV
Ur',v') = . to(x,ye A dxdy
! JAf f /
Remarque

We note that a phase factor precedes the FT of the object. This phase factor vanishes for
d=f (if the object is placed in the front focal plane of the lens). In that case, the phase
quadratic curvature disappears, leading to an exact Fourier transform.

d) Object located after the lens

The lens is illuminated with a monochromatic plane wave of amplitude A and at normal
incidence (same illumination conditions as in the previous paragraphs). The object is therefore
illuminated with a spherical wave converging towards the focal plane of the lens in the image
space (see figure IV-7).

- UL

r{\m\_ 4
\d// Focal plane

W

. UL fl2. )

I
Figure 1V-7- Object placed behind the lens at a distance d from the focal plane

Basing ourself on figure IV-8,
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[ H NN 'R ]

>

; d
v to(X,V)
Figure IV-8- Simplified diagram of Figure IV-7. Definition of the variables involved in the

calculation.

A simple calculation done in the geometric optics framework with the paraxial approximation
shows that:

. the amplitude at the object location is: A" = Af/d,

e the finite extension of the illuminated area, intersection between the object plane and
the light cone <can be represented by the effective pupil function:

P(xp,yL) = P(xf/d,yf/d).
« the spherical wave illuminating the object can be written:
exp(—jkr) = exp(—jkd) - exp[—jk(x* + y*)/2d]

Using those conditions, the complex amplitude Uo(X,¥) of the field transmitted by the object
can be written:

k
Us(x.y) = {dfP(xj yj) ”}mx,y)

By applying the Fresnel diffraction formula (Eqg. III-2) to go from the object plane to the focal
plane (z = d), we find an expression of the amplitude in that latter plane:
2

ek j— v =P ]
qu——eZd U,(x, eZd e Ad dxd

Wy == f [ Usx,y) y
By replacing Uo (x,y) (Eq. IV-7) by its value, we notice that the quadratic phase term inside the
integral vanishes.

k 2

A [+ f 0 f yf ]—[xu +/']

qu——eZd S t P(—=, == d
f( ) _]/ld d _J;of o ) ( )

Except for the quadratic phase term in front of the integral, the amplitude distribution at the

focal plane is therefore the FT of the object part which is limited by the projection of the lens

aperture at the object plane. This result is the same as the one obtained in the case where the

object is located right near the lens. However, here, the experimentalist can easily modify the

FT scale.

By increasing d, he will increase the FT dimensions until the object gets very near to the lens

d= A= :> u' = Adu _ . e L
( D, . This property can be useful in spatial filtering applications.

xdy

4.3. Image formation under monochromatic illumination

We consider an object located at a distance do in front of the lens; at a distance @i (in the
image plane) we have a field distribution Ui(xi, yi) (see figure 1V-9).

24
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§Q~ Ed §J’ o
., U;
s M]_
W,
Tangent
planes

Figure IV-9- Formation of images in monochromatic lighting

We define the magnification Gs = di/do \We assume that :

1/f=1/d, +1/d;

(the Gaussian lens formula is satisfied).

We first consider the image predicted by geometric optics. It is simply a reversed and dilated
version of the object:

Ui(xi,yi) = Uo(=xi/ Gy, =yi/ Gs) /G5

On the wave optics point of view, and taking into account the linear property of the
propagation phenomenon, the expression of Ui is a superposition integral (Huygens-Fresnel
principle):

(o8]

Uixiy) = [ [ h(xiyi s %0, Y0)Uo(Xo0s yo)dXodyo

where I(M;, M,)is the amplitude of the field produced at the point Mi(xi,)’i)by a point source of
unit amplitude and located at the point Mo(Xo, Yo)in the object plane.

h(Mi,Mo)fuIIy characterizes the optical properties of the system. It is called the point-spread
function of the imaging system.

To determine h, we consider a point source in the object plane o(M,) (see figure IV-10).

25
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B

Fresnel diffraction

Pix.y)

Figure 1V-10- Determination of the impulse response of an imaging system

This point source emits a spherical wavelet which propagates on a distance @o until the plane
tangent to the lens. At this plane, the field amplitude is:

UL(x,y) ~ exp{+jk[(x = x,)* + (v — y,)*1/2d,}/d,

This field meets the pupil function P(x,y) characterizing the finite dimensions of the lens. We
apply the phase transform:

1L(x,y) = exp[—jk(x* + y*)/2f]

to this field to obtain the transmitted field UL. Using Fresnel diffraction law on a finite distance
d; gives the expression of the point-spread function:
2
1 —]—I:x(xi+Gsx0)+y(y,~+Gsy0):|

dd f fP(x,y) e Adi dxdy

h(Mi,Mo)represents the Fraunhofer diffracting figure of the lens aperture (the pupil) centered
at point Xi = =GsXo ;yi = =GsYo .

h(M;, M,) =

a) Relation between object and image

X y

-5 V=77 ’ )

Ad; Ad; and X, = —GsXo 3 ¥, = —GsYo. The expression (IV-9) becomes:

hMi,M})) = G- [ [P(Adu,Ad;v) - e~ 2aluci=x)+v0i=v0] gy

u
We define

We deduce that the point-spread function is spatially invariant, i.e.:
h(xi, yi 5 x,,¥,) = h(x; = X, yi = ¥,)

1
Defining G, , the superposition integral (IV-8) becomes:
T ’ ’ ’ 1 xO yO ’ ’
Uixi,yi) = _foofh (i = X5, Yi = ¥5) - [G_s : UO(_G_S, —G—s)]‘dxodyo

The image appears as the convolution of the point-spread function with the image obtained
with geometric optics.
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Fondamental

Ui(xi,yi) = W (xi,yi) ® Ug(xi,yi)
1 Xi i

Ug(xi,yi) = G. : Uo(—G—s,—G—s)

W(xy) = [ [ Pdu, Adw) - e 2wl gy ay

This result shows that when we take into account the effect of diffraction, the image
is no longer the exact replica of the object. It is attenuated by the convolution with
the system point spread function, which affects mostly the fine details in the object.

5. General study of the image formation systems

5.1. General scheme

We consider an optical system composed of several lenses (converging and diverging). This
system is described as a “black box” characterized by its terminal elements : entrance pupil
(finite aperture) and exit pupil (see figure V-1).

Plz,y) at

the input

Duffraction effects

Diffraction effects

the cutput

Optical system = « Black box ».
Inside this box, we use geometric optics to describe light propagation

Figure V-1- General diagram of an image-forming system

The light transmission between the entrance and exit planes is described by geometric optics.
The pupils are determined by forming the geometric images of the smallest aperture of the
system through all the elements that precede and follow that aperture. The two points of view
that consist in considering that the image resolution is limited by the finite extension of the
entrance pupil or the exit pupil are completely equivalent. Indeed, one pupil is simply the
geometric image of the other pupil (by definition).

In 1873, Abbe showed that only a part of the spectral components of an object can go through
the entrance pupil, because of the pupil finite extension. The components stopped by the
aperture are the high frequency components of the object (see figure V-2).
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Dhiect

Spectral
components

Focal plane

Figure V-2 - Abbe irhaging system

5.2. Case of a coherent illumination

Transfer function

We showed that (Eq. IV-10), Ui(xi, yi) = h'(xi, y1) ® Ug(xi,yi) | je
Ui(xi, yi) = f [ (xi = X}, yi = ) - Uy ()., - dx,dy,
We define:

o Gyu,v) = FT[Ug(x, ¥5)] the spectrum of the input field;

. Gi(u,v) = FT[Ui(xi,y)] the spectrum of the output field;
. H(u,v) = FT[I (xi,y)] the point spread function spectrum.
By applying the convolution theorem:
Gi(u,v) = H(u,v) - Gg(u, V)
In what follows, the function H will be called coherent transfer function.

Remarque

We note that:
H=FT[K] = FT(TF(P(/ld,-u,/ld,-v)))

therefore: H(u,v) = P(-=Adu, —Ad;v)

e The pupil function P only takes 0 and 1 values: the same is true for the coherent

transfer function.

e There is a finite band in the frequency domain where the diffraction-limited system
transmits frequency components without distorting their phase and amplitude. Outside

of this band, the frequency response vanishes rapidly.

e By choosing a coordinate system such that: X; = —X; ; Yi = —Yi , we can write:

H(u,v) = P(Ad;u, Ad;v)
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5.3. Case of an incoherent illumination

a) Introduction

In the case of a (spatially) coherent illumination (see figure V-3), the complex amplitudes at all
object points follow the same evolution with time.

A

5

Focal plane T

CObject
Figure V-3- General diagram of coherent lighting.

Experimentally, this is realized by placing a light source of small dimension at the front focal
plane of a lens.

The illumination is said to be spatially incoherent is the source is (spatially) wide enough (see
figure V-4).

51

Image plane

Ohiect

Imaging svstem

Figure V-4- General diagram of incoherent lighting.

The complex amplitudes of all points forming the source vary on a random fashion, and
independently from one another. There is no fixed phase relationship between a wave train
emitted by S1 and another one emitted by S» and the temporal average over the interference
term is equal to zero.

(Iy= (I )+{L)+(2 V11, cos(¢1 (1) — 2 (D))

(= 1)+()

In the case of an incoherent illumination, we have to sum the intensities, and not the fields.

The image is therefore written as a linear transformation of the intensity [ [Introduction to
Fourier Optics]] :

Lixiny) = [ [ (xi = X, yi = )PP - L(x,, y,) - dx,dy,

—00

The image intensity is a convolution between the ideal intensity (obtained with geometric
optics) and a point spread function proportional to the square modulus of the point spread
function obtained with coherent illumination.
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b) Frequency response of an optical system (incoherent illumination)
We define the normalized spectra of leand I;:
T f (X0, y)) - e~ P2mwse o) dx! dy!
Go(u,v) = =

J [ 1) - dxidy,
T [ Iixi, yi) - €0 dxdy;

~, —00

Gi(u,v) =

[ [ Lixiyi) - dxidy;

The spectra are normalized with respect to the integral value at zero frequency, which
represents the continuous component or background of the image.

In a similar fashion, we define the normalized transfer function of the system:

(o8]

[0 (i, yo)P - e P2resis i d oy,

Hi(u,v) = =

(o8]

[ [0 iy - dxidy;

By applying the convolution theorem to Eq. V-2, we obtain:
Gi(u,v) = Hi(u,v) - Go(u, v)

H; is called «optical transfer function» («OTF») or «modulation transfer function»
(«MTF>»).
c) Relation between the MTF and the coherent transfer function
TF(I'1?)
TF(R'*)u=0 :v=0)
Using the autocorrelation theorem:

? fﬁ(u’,v’)ﬁ*(u’ —u,vV' —v)-du'dv

H(u,v) = TF(h') et Hi(u,v) =

Hi(u,v) =

? [1HW V)P - dwdv'

By applying the change of variables ¥’ =t —u/2 and v/ =V = v/2 | we obtain a symmetrical
expression:

N u u._ -~ u u

H 144 _ 74 _ H* "o "o . 144 74
) _ff (u +2,v + 2) (u 7V 2) du” dv
Hi(u,v) =

(o8]

f flﬁ(un,vn)|2 cdu’ dv”’

For a coherent system, we have H(u,v) = P(Ad;u, Ad;v), and therefore we obtain:
. /ld,u /ld,-v /ld,u /ld,-v
J PO+ == v+ ZoP - ==v — =) du'dy

(o8]

~ —00

Hi(u,v) =

T fP(u’,v’) -du'dv’

where we replaced u” with w’and P? by P in the denominator (since P = 1 or 0). The relation
(V-3) serves as a fundamental link between coherent and incoherent systems.
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In the expression of H; appears the area of the common surface between two identical pupil
functions:

/ld,-u /la’,-v
e one centered at the point of coordinates : 2 T),
/ld,'bt /la’,-v
e the other centered at the diametrically opposed point, of coordinates : 2 2

The denominator normalizes this area with the total pupil area (see figure V-5).

. Overlapping surface area
Hi(uv) =

Total surface area

f,{//////////////////////////////////////////////////////////////////////////ﬁ’//////////////////////////////////////////////////////////////////////////
o

i<

Adiy]

\\\\\\\\\‘\‘\‘\‘\\\\\\\\\\\\\\\\‘\‘\‘\‘\\\\\\\\\\\\\\\\‘\‘\‘\‘\‘\\\\\\_\b\\\\\\\\‘\‘\‘\‘\‘\\\\\\\\\\\\\\\‘\‘\‘\‘\‘\\\\\\\\\\\\\\\‘\‘\\‘\‘\\\\\\\\\

At point (u,v)
The colored surface 1s the
overlapping surface

Fupil function

Total surface

b e T

=
/////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////ﬁ
Figure V-5 - Pupillary function and MTF calculation in the case of incoherent lighting.
For more details pertaining to this subject, the reader can refer to [ [Introduction to Fourier

Optics]] and references therein.
Fondamental

Summary

A system gvith coherent illumination is linear in amplitude. The intensity is given by
I = h = UgP,

A systzem wi2th incoherent illumination is linear in intensity. The intensity is given by
i = " = [Ugl",

The frequency spectrum of the intensity can be written:
e in the coherent illumination regime: TFE(I) = (H-Gg) ®(H-Gy),
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- in the incoherent illumination regime: 7 ¥ (/i) = (H® H) - (G, ® Gy),

G; is the spectrum of Ug, H is the coherent transfer function.

gxh= f fg(u, Vh(x — u,y — v)dudv
* corresponds to the convolution operator: : o0 .

® corol;esponds to the autocorrelation :
F(u,v) ® F(u,v) = f fF(u’,v’)F*(u’ —u, v —v)-du'dv

—00
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1. Fraunhofer diffraction of a sinusoidal amplitude
grating

Until now, the aperture transmittance 1(x,y) was a binary function (taking 0 values outside the
aperture and 1 values inside). However, we can introduce absorbing spatial distributions (for
example using a photographic film) and thereby obtain all transmittance values ranging
between 0 and 1.

We consider a sinusoidal amplitude grating limited by a square aperture of side length L :
1 m
t(x1,y1) = |5 + = cos(2mfox1)

rect( adl )rect( n )
2 2 L L
where Jo is the spatial frequency of the grating and m represents the peak-to-peak variation of

the amplitude. m is called the amplitude modulation depth (see figure EC1(a)).

Figure CS1(b) shows the grating image. Of course, the grating step has been voluntarily
increased in this figure to visualize the sinusoidal transmittance.

P

¥1 5
st t{xy) (a) 3 C =
08 =)
ik} A & oM
[ X
05 m=0.5 2
o4 %
03 ¢ 2 -
02
d (b) -
0—1 :3 2 -; 0I ; 2 .I3 % 1) ‘.l -3 -2 -1 a 1 2 Jtl 4

Al ol
<>
1L

Figure EC1 - (a) Evolution of the transmittance function of a sinusoidal network in amplitude;
(b) image of this network limited by a square opening.

If the screen is illuminated under a normal incidence with a monochromatic plane wave of unit
amplitude, the field distribution at the aperture is simply equal to 1(x1, y1),

The Fraunhofer diffraction figure can be determined through the calculation of FT() .

P01 = P75 + 5 cos@afoan) |1 rect 3L rec( 3 )

2 2

We define:

N 1 m
A= FT[E + 2 cos(2nfox)

B = FT[rect(ﬂ)rect()i)
L L

Using the distributivity property of the convolution product, we can write:

= L?sinc(Lu)sinc(Lv)

_ L* L

Ax B = Esinc(Lu)sinc(Lv) * o(u,v) + m-—- sinc(Lu)sinc(Lv) = 6(u + fo,v) +
LZ

m— sinc(Lu)sinc(Lv) * 6(u — fy,v)

4
Considering that translating a function fy) of a quantity a is equivalent to taking its
convolution with the translated Dirac delta function (6(x — @) :

G,y =6(x —a,y) = fff(u,v)é(x—a—u,y—v)dudv:f(x—a,y)
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we obtain:
2

TF[t(x1,y1)] = %sinc(Lv){sinc(Lu) + %sinc[L(u + fo)l + %sinc[L(v - fo)]}

We can deduce the field distribution in amplitude:

X0

ek jmm (5D u=—-

Ulxo,y0) = ——e 22 " .TF[t<x1,y1>]{ &
_]/lZ V= /l_

Z

In figure CS2(a), we represented the 3 sinc functions centered at —fO, 0 and +Join the case
where m = 1.

(gl

ask sitc(La)

i e
Mo s [Lz+E )42 e
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Figure EC2 - (a) the 3 cardinal sine functions appearing in the amplitude of the diffracted field;
(b) enlargement of the previous figure to compare f0 to 2/L.
An enlargement of this figure is shown on figure EC2(b) where we can see the central peak
widths of the two sinc functions centered at 0 and +/o.

>> —
If fo L, the product of those two functions can be neglected, because when one function
reaches its maximum the other takes values close to zero. We can therefore neglect the
overlap between the 3 sinc functions. When calculating the intensity, the cross-products
between these functions are negligible compared to the square of each of these functions.
Finally, the intensity in the observation plane becomes:

I(x0,y0) = (2L—/;)zsincz(L/l—);o)x{sincz(L/l—zo)+mTZsincz[/l—LZ(x0+f0/lz)]+mTzsincz[/l—Z(xo—
foﬁZ]}

An image of the diffraction figure obtained using this latter equation is shown on figure CS3(a).
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Case study
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Figure EC3 - (a) Image showing the Fraunhofer diffraction pattern of the grating; (b) Evolution
of the normalized intensity distribution (at yO = 0) when m = 1.

A part of the light is deflected in two lateral lobes. The central part is called zero-order
component and the two lateral lobes are called 1st order components. Figure CS3(b)
represents the evolution of the normalized intensity for Yo = 0 and m = 1. We can note that the
distance between the first order diffraction lobes and the central lobe is fodz, In addition, in
the best case (when m = 1), the intensity in the diffracted lobes cannot exceeds 0.25 for a
grating sinusoidal in amplitude.
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IV.Exercises

1. Knowledge test

Image formation
Answer the following questions

Question 1

[Solution n°1 p 37]

Calculate the Fraunhofer diffraction figure of a rectangular aperture and a circular aperture.
Compare the central lobe widths when the square side length is equal to the circular aperture
diameter. Conclude.

Question 2

[Solution n°2 p 42]

We consider two imaging systems: one with a square pupil of side length a, and one with a
circular pupil of diameter a. For each system, calculate the coherent transfer function relative
to those pupils and determine the cutoff frequencies as a function of a, the wavelength 4, and
the distance di between the pupil and the image plane.

Question 3

[Solution n°3 p 43]
Calculate the transfer function in the case of an incoherent illumination for a square pupil of
side length a, and determine the cutoff frequency as a function of @, the wavelength 4, and the
distance di between the pupil and the image plane. Compare this result with the cutoff
frequency obtained in the previous question.
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Solution des exercices

>Solution n°1 (exercice p. 36)

Examples of Fraunhofer diffraction figures - Rectangular aperture

We consider a rectangular aperture of amplitude transmittance ¢:

X1 )’1)
t(x1,y1) = rect| — |-rect| —
(x1,y1) = rec (Lx) rec (Ly

Vi t(x1.y1)

A RS
Ng

X Y1

>

X

(R |J-_'

iy
I 5

Figure TC1- Rectangular aperture and the representation of its transmittance.

Lyiand Ly are the aperture dimensions along X1and J1.

If the aperture is illuminated under normal incidence by a monochromatic E)Iane wave of unit
amplitude (Ui(x1,y1) = 1, the field distribution at the aperture (Ui(x1,51)) is equal to the
transmittance function:

U(x1,y1)
((x1,y1) = Wlii) = Ui(x1y1)

Using the expression (III-3) characterizing the field distribution in the Fraunhofer diffraction
figure, we can write:
2

elkz Je— 31T —J— [*ox1+yoy1]

U(xo0,y0) = sze 2z f ft(xl,yl)e Az dxidy,

where the integral can be identified as the FT[H(x1,yDl=Tu,v) at the point
u=xo/Az;v = yo/ Az, Using table 2 (section "“2-dimensional Fourier analysis”, paragraph
“Couples of transforms relating to several separable functions in Cartesian coordinates”), we
easily obtain:

T(u,v) = L Lysinc(Lyu) - sinc(Lyv)
As a result, the expression of the field at the observation plane becomes:

k
ek jmm (5D X0 Yo
U(xo, =—¢22 L.L,sinc|L,— |-sinc|L,—
( 0 J’o) _]/lZ y Az y/lZ

and the diffracted light intensity can be written:

2
LxL Lxx ) L
o )
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EXxercises

The image aspect in the observation plane (in false colors and with 2L, = y) is shown on the
following figure:

10
20
30
40 106
50 10.5
60 10.4

70

80

90

100
20 40 60 80 100

Figure TC2 - Image representing the Fraunhofer diffraction pattern of a rectangular aperture.
A 3D plot of the same function is shown on figure KT3.

gt X Yo)

117 I
04 .

=l
100 ;
100

0 0
Figure TC3 - Evolution of the intensity in the observation plane of the image in figure TC2
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Exercises

One can note the presence of small diffraction lobes which are not centered on the axes Xo et
Yo, ; those lobes are invisible in the two previous figure because of their small intensity. To
visualize those lobes, we represented the intensity logarithm on figure KT4:

20 40 50 L
Figure TC4 - Image representing the log of the intensity obtained in figure TC2.

We note that the sinc function (defined in table 1 in the section “Two-Dimensional Fourier
Analysis”) takes zero values for integer arguments. The first zeros obtained on both sides of
the origin are given by:

Az
X0 = x—
X

The central lobe width along the Xo axis in the observation plane is therefore:
Az

Drect =2—
L,

Examples of Fraunhofer diffraction figures — Circular aperture

We consider a circular aperture of radius R (see figure KT5).

t(ry)

X1

X1

)
N

Figure TC5- Ouverture circulaire et la représentation de sa transmittance.
We define 71 and 7oas the radial coordinates at the aperture plane and at the observation plane
(respectively). Then:

t(r) = circ(%)

If the aperture is illuminated under normal incidence with a monochromatic plane wave of unit
amplitude (Ui(r1) =1), the field distribution at the aperture (Ui(r1)) is equal to the
transmittance function:

U(ry) _
Ui(r) Urlrn)

H(ry) =
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EXxercises

By using expression (III-3) which characterizes the field distribution in the Fraunhofer
diffraction pattern, we can write:

. 2r
elkz Je— 31T —J— [*ox1+yoy1]
U(x0,Y0) = jTZe 2z [ [txiye A dxidy,
where we recognize under the integral sign:

r

TF[t(r)] = TF[circ(I; )]

1o = sfin( 1)

Here, we have:

X0
u=—
Az
2 2
Xo Yo
v:y—0:>p: Vul +vi= ——
Az Az
therefore:
P=7z

We recall a result demonstrated in the paragraph 1.4.4 :
FT[circ(r)] = J1(2np)/p
and by applying the scaling theorem, we easily obtain that:
. r J1(2nR
T(p) = Bycirc - —RZM
R Rp
We multiply the numerator and the denominator by mand we note S = 7R> the aperture
surface. The distribution of the field amplitude at the observation plane becomes:

.krg JI(ZNRrO )

elke  j=— Az 2
- ., 27 .¢. N "™ =
Ulro) jAz ¢ S nRrg X 2
Az
o
U 2 - Ji(kR
U(ro) = ¢ -e 2Z . S . M

JjAz kRro/z
The intensity can therefore be written:
I(rg) = (i)z[z - J1(kRro/2) ]2
Az kRry/z
This intensity distribution is called «Airy pattern». By normalizing the radial variable
r= 2Rl”o//lZ, we obtain a simplified expression of the diffraction pattern intensity:
I(ro) = 1(0)[2J,(7r) /7r]?
This intensity is shown on figure KT6.
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EXxercises

Az
p‘?_l‘zzzk

Figure TC6 - Fraunhofer diffraction by a circular aperture of radius R (Variation of the
diffraction pattern (called Airy spot) in the plane and along a radial axis).

We note that the diameter of the central lobe is equal to:

Az
Dcirc = 2p0 = 122}

We represented on figure KT7 the diffraction pattern at the observation plane, in false colors.

1
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K {a7
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1] 10.5

10.4
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1
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2

-2 -15 A 05 0 05 1 15 2
Figure TC7 - Appearance of the diffraction pattern in the observation plane (in false color).
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EXxercises

Remarque

By comparing the central lobe width of the diffraction pattern obtained with a rectangular
aperture (of width ¢ = Lx) and with a circular aperture (of diameter ¢ = 2R), we notice only a
small difference:

Dere = 1225 — 9448
¢/2 ¢
and
Pl
Drect = 2_Z
¢

It is convenient in some cases (see figure KT8) where the precision is not too important to
replace the circular aperture with a square aperture of side length equal to the circle diameter.
This simplifies the calculations.

Figure TC8- Equivalence between a circular opening of diameter equal to the side of a square
opening

>Solution N°2 (exercice p. 36)

Examples of transfer functions with coherent illumination

We consider a system with a square entrance (or exit) pupil of side length a, and another
system with a circular pupil of diameter a.
Va2 + y2)

X
Pi(x,y) = rect(—)‘rect(z) ; Pa(x,y) = circ
a a al?
The expression (V-1) instantly gives the corresponding coherent transfer functions (see figure

KT9):
al?

~ Ad; Ad,; .
Hi(u,v) = rect(Tu)'(Tu) 3 Ho(u,v) = czrc(/ld,- .

=

V4

A8

f, =a/2hd,

f=a/2hd,
Figure TC9 - Coherent transfer function (a) square pupil (b) circular pupil
We note that in each case the cutoff frequency is Jo=a/2ad;
Orders of magnitude:
e a=2cm,di=10cm, A = 10~*em — fy = 100periods/mm
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EXxercises

« Eye cutoff frequency : Ppupitle = 4 — 6mm, d; = 15mm,
1=0,5.10"%m — fy = 300periods/mm.
Period size:

300p. corresponds to 1mm
1p. corresponds to 1/300 = 0.3.1072mm = 3um
This result is in good agreement with the space between cones in the retina, which is 3um,

>Solution Nn°3 (exercice p. 36)

Transfer function with incoherent illumination

We consider a square pupil of side length BB’ = a. At the point of spatial frequency (&, V) (see
figure KT10), the common surface is given by: S(u,v) = ABX BC, Since AB = a — B’A and, for
geometrical considerations,

B’A = Ad;|ul

N
4

\
Ady)v

Figure TC10 - Calculation of the MTF in the case of incoherent lighting. Case of a square pupil.

Wwe Can express the common area as:
S (u,v) = (a — Ad;|ul)(a — Ad;|[v])

a
Adijul < a lul < 0
If = a’
ﬁdil\)l <a |V| <2
Ad;
. - Ad; — Ad, Ad; Ad;
Hi(u,v) = (a Iul)ga VD _ (1 ~ —|u|)(1 B —Ivl)
a a P
Nothing s tri(x) = { (1)_ [x]if [x] <1
. u\ (v
Hi(u,v) = tri(—).(—)
fi)\fi
a
h = — = 2
where f; 2 fo

(fOis the cutoff frequency in the coherent regime.)

We note that the cutoff frequency in the incoherent regime is twice larger than the cutoff
frequency in the coherent regime (but the contrast is not better). For a circular pupil, the
calculation is more complex but we obtain the same result for the cutoff frequency fi.
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Exercises
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Exercises
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