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I.Course

The propagation of light can be interpreted in terms of rays indicating the trajectory that is
followed by the light. For example, in a transparent, homogenous and isotropic medium, light
propagates in a rectilinear manner. This approach is useful for describing a wide array of light
phenomena. Nevertheless, light interferences cannot be described through a geometrical
approach, since light also propagates in the form of waves. In 1869, the English physicist
Maxwell established that such waves can be described by electromagnetic waves made up of

both an electrical field 75> and a magnetic field 73> The interference phenomenon occurs when
the energy, the illumination, or the intensity that results from the superposition of two
radiations is not equal to the sum of their respective energies, illuminations, or intensities.
Historically, this result was quite surprising to the point that we refer to the paradox of
interferences, which is often provocatively expressed as light+light =darkness.

This course examines interferences between two waves, for both plane and spherical waves. It
also analyzes the effects of the source's spectral and spatial width. The case studies and
exercises use the Young slits model to demonstrate how interferences between two waves are
produced.

1. Wave description of light

1.1. Maxwell's formalism

- —
In order to represent a wave, we must associate electrical E and magnetic B fields to physical

— —> —> —>

quantities which are a function of space ' = *€x + Y€y + Z€z and time ¢. Maxwell demonstrated
that these fields are coupled in a given medium as described by the following equations (They
are known as “Maxwell's Equations”) [1 [[1]]]:

div B=0

where U is the permeability of the medium, € is the permittivity of the_)medium, P is associated

with the free charges and the medium's polarization charges, and J is associated with the
conduction currents and the medium's polarization currents. In a vacuum, we have

po = 4mx 107 and & = 8.857 X 10712 and €poc® = 1, where ¢ stands for the propagation speed
(c =3 x10°* m/s), In a linear, homogenous, and isotropic medium with no free charges we have

_)
J=0,pP= Oandeis a constant, as is the case, for example, of unconstrained glass or air.
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Maxwell's equations hence produce the propagation equations for magnetic and electrical
fields, which are generally expressed as:

2 A2 7
AE-TOE_

0
¢ ot

where A is the Laplacian vector (we have A = V2), n is the refractive index. This equation also
holds for the magnetic field.

- -
Note that all the components of E, {Ex’Ey’Ez}, and B,{Bx’By’ B} are subjected to the same
propagation equation:

and also for {Ey» Ez, Bx, By, B},
Therefore, it is possible to synthesize the behavior of these components by a single scalar
wave U(7,t) defined by the propagation equation:

_n’ U7,

=0
c’ ot

AU(7 t)

where U(7, ) represents any of these components {Ex, Ey, E;, By, By, B:},
A rectilinear polarized wave in the x direction is written:

E(7.t)=U(F.t)e.

with:

U(7,t)

y &
Il

y 0
=0
If the wave propagation exhibits a spherical symmetry, the change in spherical coordinates
(r,0,¢) produces the following wave equation:

2 A2
15 (rzau)_n_a U_,

2or\" or) & o
where 7 = [71,

1.2. Harmonic solutions of propagation equations

The solutions of the propagation equation are either scalar or vector functions. They must
reproduce the same function “farther on” and at a “later time.” In order to be a solution of the

no,
r+—-r
equation, the function depends on the coordinate : c
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Generally, for waves that propagate towards positive 7 the harmonic solutions are written as
follows:

f(z—%?):A(r)exp[i(%.f—wz)]

- —
where k = kug is the wave vector :

_)
and 1o represents the vector with unit length (4ol = 1) that describes the direction of the wave
propagation , A is the wavelength in vacuum, and 4m the wavelength in the medium. Similarly,
for waves that propagate towards negative 7, the harmonic solutions are written as:

g(t+%7)=A (r)exp|i(k.7~aw1]]

In the case of plane and monochromatic waves, the propagation is rectilinear; taking 2 for
example, the propagation equation in vacuum would be written as:

FuUlF,t) n’dUlF ¢
0z’ ¢ or

and the solution that propagates towards positive Z would be:

U(?,t):U(z,t)=AOexp[i(kz—(oO—a)t)]

Rappel
A wave surface is defined, at a given moment, by the set of points in the space to which the
wave phase, (kZ — ¢o — wi), is identical.

The wave surface, which is associated with the propagation is given by equiphase planes such
that:

k z—@,—w t=constant

_)
and it is perpendicular to the wave vector k.

In the case of spherical waves, the propagation has a spherical symmetry, and the solution
which propagates towards positive 7 is:

Ul(7, Z)Zéexp[i(—a)ﬁk;’—(po)]

In this case, the component of the field depends only on r with a coordinate system centered
on the point of convergence (or divergence). If the wave is divergent, this is a source point; if
the wave is convergent, then it is a focalization point.
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The equiphase surface that describes the wave surface is a sphere centered on the source
point. A divergent wave is written:

A
U(?,t)ZTOGXp(—iwt)exp(ikr—(po)

and a convergent wave:

A
Ul(7, t)ZTOexp(—i a)t)exp(—ikr—qoo)

It is helpful to expand the formalism in the case of a cartesian coordinate system. In figure 1,
the source is situated at a point (Xs,Ys,2) in the coodinate plane and the wave propagates by
following the positives z.

A

Source
(X.S‘s YSs Z) Z

We can see that:

r=x/d3+(x—XS)2+(y—YS)2

The wavefront that propagates in the plane (X,¥,2+ do) situated at the distance (z + do) from
the source is written as [1 [[1]]]:

exp[ 2;” \/d(2)+(x—XS)2+(y—YS)2]

\/d(2>+(x_Xs)2+(y_Ys)2

U(x, y,z+d0,t):A0exp(—ia)t)

This expression is not easy to use. In order to reduce the complexity of writing in cartesian
coordinates, we use approximations for the distance (do) between the source and the observed
wavefront. These approximations are based on the development of the square root in the
exponential function [1 [[1]]]. Indeed, if a < 1, we have:

— 1 I .1 3
l+a=1+—a——=a"+—a’+...
Vi+a 2a Sa 16a
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and if we only use the first two terms of the development, we have:

1 (x=Xs] 1 (y=Y,f
\/d3+(x—XS)2+(y—YS)22do(l+5( d2S) +5( d(z)S) )

0

For the denominator, we use a first order approximation:

Jdie(x— X P+(y—Y ) ~d,

Thus, from now on, the wavefront that propagates in the plane (x,¥, 2+ do) situated at distance
(z + do) from the source is written:

U(x,y,z+d0,t)=?exp(—iwt)exp(zijdo)expl%((x—XS)2+(y—YS)2)l
0 0

Remarque
The approximations (known as Fresnel's approximation) is equivalent to replace the wavelets
of the spherical wavefronts by parabolic wavefronts.

The validity of this approximation is determined by the errors caused when the higher order
terms of the development can no longer be neglected. A satisfactory condition would be that
the maximum phase variation caused by @ / generates a phase variation much lower than
1 radian. The reader can verify that the condition for validity is the following [1 [[1]]]:

2

max

d,> i/ﬁ[(x—)(s)ﬁ(y—n)z]

In order to assign the order of magnitude, let us consider a source situated at (Xs,Ys) =(0,0)
and a square observation region of 50mm on its side, the wavelength being equal to 0.5 pm,
we determine that do > 1349 mm,

2. Superposition of two electromagnetic waves:
theoretical basics

2.1. Notations

e e
Let us consider twg}electromagnetic waves represented by their electrical fields E1 and E2. We

_)
note that k1 and k2 are their wave vectors, @1 and w2 their pulsations and ¥1 and ¥2 their
original phases.

Exemple

Given a polarized field according to the direction ?1’, we have:

E_:l(?’t):Al(?)exp[i(_wlt-l-lgl'7_¢1)]51
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_)
And given a polarized field according to the direction €2, we have:

(7 ,1)=4,(F)exp|i(~w,1+K,.F—g,) |2,

H
For the field E>.

2.2. Resulting field from a superposition

Let us consider a zone in space where two waves co-exist. For all points in this space, the
resulting electromagnetic field is simply equal to the sum of the fields:

E(7,t)=E 7, t)+E,(7 1)

The observer, whether it be the naked eye or the detector, is sensitive to the square module of

_)
the electromagnetic field, i.e. |E(7,t)|2. However, it must be taken into account that the field
oscillates at a frequency w of the order of 10" Hz and that currently, even the best detectors
cannot “see” phenomena that happen faster than 10'? Hz, Consequently, the signal observed is

¥ 2
a statistical average of |E(7, D, i.e.[2 [[2]]]

17, t)=(E (7 ,t))
where {...) means statistical average.

2.3. The notion of coherence

The development of the previous expression yields:

117, 0=(E, (7, 0P+ (B (7 F )+ 2R e (B (7, 1) .E3(7.1))|

We can note that:

(E\[7 .ty =(41(F))= 43(F)
(B (7 1)) =7 )= A3(7)
2Re <Ej(7,t).E;(?,z)>}:zAl(?)A2(7)<cos((w2—wl)t+(1€1—/€2).7+¢2—¢1)>a.e;

The last term represents the term of interference of both fields, it is also called interference
modulation. This term is zero if:

. . e > =7
« the two waves are perpendicularly polarized, for example if €1 = éx and €2 = €y since

- —> ) . B
then €1 -e> =0 ; we refer to this as polarization coherence

« both frequencies are very different W1 # w2, since the term in the cosine oscillates so
quickly, at a frequency that approaches 10" Hz and it is not possible to observe with
the naked eye or a detector; we refer to this as temporal coherence

H
« the wave vectors are highly variable in the region of observation ki(7) # constant and

_)

k2(7) # constant, since the term in the cosine oscillates very rapidly in space, leading to
a null average, and it cannot be observed by the naked eye or by a detector; we refer
to this as spatial coherence
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These aspects of coherence will be further explained in a later part of the unit.

2.4. Interference signal

In the following example, let us consider two waves that are temporally and spatially
coherent, and also coherently polarized. Given such a context, the observable signal is
written simply as:

[(7)=Af(7)+A§(7)+2A1(?)A2(7)COS((/;I—IE;).?+(/)2—¢1)

The spatial dependence with 7 s implied subsequently whenever possible. If we assume
I = A1? and I = A2?, the interference signal is also written as [3 [[3]]]:

1:11+12+2¢1112cos(2’;—5)

with:

2];—5:(51_52)-?"'(02_(01

where we take 0 as the optical path difference between the waves. The interference signal is
also called fringe pattern or interference pattern.

The interference phenomenon is indicated by alternating dark zones for which cos(...) = =1 and
bright zones for which €0s(...) = +1. Taking Imin as the minimum signal and Imax as the
maximum signal, we have:

I =A+A2-2 4,4,
Imax:A12+A§+2 Al AZ

We characterize the contrast of the fringe pattern by the visibility factor [3 [[3]]] :
L= in 24,4,

C max min

= g2 2
Imax+1min Al +A2

The maximum contrast is equal to 1 and it is obtained for A1 = A2, which means that both
waves have the same amplitude for all points in space. If A1 # A2, then the contrast is less
than 1; and if A1 < Az or A2 < Az, then we obtain C =~ 0.

The maxima for €0s(...) = +1 occurs whenever:
o=k, k). 7+p,—p,=2k 7 keR
The minima obtained for €0S(...) = =1, occurs whenever
(0:(];1—];2).7+g02—§01:(2k+1)ﬂ keR

The ¥ is referred to as the phase of the interferences. It consists of the difference between the
optical phases of the waves, and it is proportional to a difference in optical paths.

The distance, at observation, which separates two consecutive zones of the same nature
is referred to as the interfringe distance.
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Figure 2 illustrates the properties of the interference signal.

Interference Signal | L Interference Signal
A Int_erfringe
distance

- e ey -

Signal Amplitude
(in arbitrary units)

Phase difference, ¢ (rad) Optical path difference, §

We will now focus on two particular cases: when both waves are plane waves and when both
waves are spherical waves.

2.5. Superposition of two plane waves

Let us consider two plane waves propagating towards zZ positives, and wave vectors that are
not collinear to z but belong to the X, Z plane. Figure 3 illustrates this scenario.

Ay Interferences Zone

In this case, we simply have:

El(?,t):Alexp[i(—wt+gl.?—¢l)]€x

for the first wave and:

E,(7 ,z‘):Azexp[i(—a)t+l;2 .?—(pZ)]é'x

for the second one. Keeping in mind that:

ElzzTﬂcosﬁlé;—ZTﬁsinHlé’

X
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132227” cosd, é’z+27”sin 0,e.

and that :

goZ(lgl—lgz).?+¢2—(p1=27”(cosl91 —cosﬁz)z—zTﬂ(sin 6’1+sint92)x+¢2—(/)1

Fondamental

the interference signal is written as:
2, g2 27 27 . .
I(x,y,z)]= A7+ A5+2 A, A,cos T(cosﬁl—cosﬁz)z—T(smﬁl+sm€2)x+q)2—(pl

Figure 4 shows the interference field.

X Interference zone

The distance that separates two consecutive zones of the same nature is the interfringe
distance. For z constant, the abscissa x of the bright fringe at a given k order is such that:

27ﬂ cosHl—cosﬁz)zk—z%(sin 0, +sin Hz)xk+(p2—¢l =2k

In the direction x,for the bright fringe that is consecutive to the preceding one, the optical
phase varies from 27 and we have:

2Tﬂ(cosﬁl—cosﬁz)zk—27”(sin 6, +sin Hz)xk+1+go2—¢1=2 krx+2mw
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following the direction x, the distance that separates the two bright fringes (the distance
between fringes in x) is thus defined by:

— A
sin@,+sind,

where Ax = Xk — xk + 1_
Equivalently, in the direction z, it follows that the interfringe in 2 is:

— A
cost,—cos b,

where A = Zky1 — Z.
In the case that 61 = 6> = 8 it follows that:

x=—2
2sin @
Az=w

Therefore, the fringes are parallel to the z axis.

To give some numerical values, let us consider A= 0.5 microns and 6 = 30, we obtain
Ax =0.5/(2 sin(30)) = 0.5 microns, The interfringe is of the same order as the length of the
waves. Therefore, moving from one bright fringe to another offers a sub-micrometric
sensibility.

2.6. Superposition of two spherical waves

Let us consider two co-polarized (polarized along x direction) spherical waves propagating
towards 2 positives. Figure 5 illustrates this scenario.

Screen
A X

Source 1 Interference

/ Zone

¥

Source 2

In this case, we simply have:

= - Al . . . -
El(rl,t)Z—exp(—za)t)exp(zkrl—zgal e,
1

12
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for the first wave, and:

E,(7,, t):%exp(—i wt)explikr,—igp,)é,
2

for the second one. Note that (X1,¥1,21) and (X2,¥2,22) are the coordinates of the point sources.
For all coordinates (%, ¥,2) we have:

r=V(x—x P+ (y—y P+ z—z) (i=1,2)

The interference phase is ¥ = kry —kry + ¢2 — 1, i.e:

go:ZTﬂ(\/(x—xl)2+(y—y1)2+(z—21)2—\/(x—x2)2+(y—y2)2+(z—22)2)+¢)2—¢)1

Fondamental
The interference signal is written as:

A A
I(x,y,z):Tl+T2
ry r,

A, 4,

2 2 cos | B ([ Foly ol Pl Pl Fele==.f oo

Figure 6 shows the interference field in the superposition zone of the two waves on the (x,2)
plane to the left, and on the cross-section to the right (plane (x,y,z = do)),

Cross

Interference ﬁ section X
zone
5

& Jo

&=y

We can see that the amplitude of interferences decreases with distance from the sources, due
to the factor 1/7i of each term of the complex amplitude.
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Attention

Moreover, the fringes are curved, which was not the case for the interferences
produced by plane waves. In the plane (x,y,z = do) the fringes are the arcs of a
hyperbolae.

In space (x, y, Z), a bright fringe is localized by the condition:

27 o= x Py +{z=z —v— sy = v He— 2o o0 =2k 7

(\/(x—xl)2+(y—y1)2+(z—21)2—\/(x—x2)2+(y—y2)2+(z—22)2):a/1

with @@ = k + (¢1 — 2)/27_ This relation is not simple to use.

However, we can write the interfringe distance explicitly in the case of a parabolic
approximation. Suppose that d1 =z —2z1 and d2 =z —22. Assuming this condition is true, a
bright fringe is localized by the condition:

2mxd 2md
y) 1+Z,]Z'1((x_xl)2+(y_yl)2)_ y) 2—Aidz((x—x2)2+(y—y2)2)+(p2—g01:2kﬂ’
which gives:
x_z(L_L)J,Z(L_L)_x(ﬁ_ﬁ)_ (&_&) S
2\d, d,] 2\d, d, d, d, d, d,
with:

<(ﬂ1_¢2)_d1_d2_x?"‘)’?_'_xé"'yg
2 A 2Ad, 2Ad,

oa'=k+

Let us consider an ideal case: suppose that the sources are localized symmetrically on the x
axis, one at X1 = +a/2 and the other at X2 = —a/2 with Y1 =2 =0 and di = d» = do and that
the plane observation is defined as z = do > a. Figure 7 illustrates this geometry.

14
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b
™o

Source E/‘D

x,=—al2

In this case it simply follows that:

With this configuration, the fringes are rectilinear and vertical, parallel to the y axis. We can
see in figure 6 that this result corresponds to the center of the screen. The bright fringe of the
order k is thus localized at Xk such that:

ax, ’
—=a'l
0

And the next bright fringe of the order k + 1 is localized at Xk+1 such that:

aAX )i

=a'A+A
d
The interfringe distance is thus:
. Ad,
i=x,,,— X, =
k+1 k a

With the parabolic approximation, the interfringe distance is a constant according to the
direction x.

Remarque

Figure 6 shows this result is true at the center of the screen, and that the interfringe distance
increases relative to the distance from the center, because the fringes are arcs of hyperbolae.

3. Temporal coherence
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We saw in paragraph B.2 that the spectral content of the interfering waves influences the
signal, especially the modulation term. In the case of two waves that are perfectly
monochromatic and have the same wavelength, the fringes have the maximum contrast. This
paragraph aims to study the influence of the wave spectral width on the fringe contrast. The
influence of the spectral width describes the temporal coherence of light. The description
of the source's spectral content is based on the notion of spectral energy density. This
notion will be explained in the following.

3.1. Interferogram in polychromatic light

In the case of two waves that originate from a polychromatic source, the spectrum of the
source no longer corresponds to a single ray located at wave number 00 (or also at Ao wave
length, Yo frequency, or wWo angular frequency). The spectrum, or spectral energy density,
denoted as Ss(0), is composed of an envelope S0(0) centered on the average wave number 00

Figure 8 illustrates the spectral representation of the source.

Source
Spectrum
&
Ss(0)
II]
Sy(o-0p)
1
1
1
1
1
1
1
.
: >
0 %

According to paragraph B.4 "Interferences signal", the interference signal can be expressed
as:

I1(8,0)=aSlo)+bS(o)cos(27 0]

where:

a=I+1, b=241,1,
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where ¢ is the difference in the optical path difference between the waves, and from now on
becomes:

:f:](()',é)dd

The interferogram (or fringe pattern) is written as an integral [2 [[2]]]:

5)=af:S da+bf Silo)cos(2700)do

The spectrum of the source, in other words the spectral representation of the source, is by
nature real and zero for all values o < 0. It follows therefore, that since Ss(0) is real:

[ slolcosl2x80)do=R[ [ Sslalexp(~2ix 0 0)da]=R[S;l0)]

where Ss(0) is the Fourier transform of the spectral density, and we write:

110)=aR[8(0)[+bR[S(6)]

Attention

This result, therefore, means that the interferogram observed in the presence of the
polychromatic light is directly related to the Fourier transform of the source's
spectrum.

Qualitatively, if the source has a narrow spectrum, then the interferogram will be large and

spread out; and if the source has a very large spectrum, then the interferogram will be
localized at 6 = 0. We express the spectrum in the following manner:

SS(0')=S0(0'—0'0)=SO(0')*5(0—0'0)
where 6(0) is the Dirac distribution. We thus have:
SR[SNS(é)]=§R[§0((5)><exp(—ZiJraoé)]:iR[§O(§J]COS(ZEJO§)

At 6 = 0, we have R [SS(O)] =R [SO(O)] and the distribution of intensity as a function of optical
path difference 6 becomes:

S, (6)
Sol0)

=R[S,(0)]| a+bR

]cos(27rao S)

The cosine's term of modulation is referred to as the degree of temporal coherence. We note
the degree of temporal coherence:
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Fondamental

This result constitutes the Wiener-Kinchine Theorem [2 [[2]]]: it demonstrates that
the degree of temporal coherence at point M on the screen is equal to the numerical
value of the Fourier transform of the spectral energy density, calculated to the value
of the optical path difference of point M. The degree of temporal coherence is
normalized in such a way that 7c,: = L if the source is monochromatic; if the source
only emits a single wavelength, the temporal coherence is obviously perfect.

3.2. Coherence length

The coherence length of the source is defined by the relationship to the degree of coherence.
We have:

L=y, (01Fds

The source's coherence time is thus given by:

where ¢ is the velocity of the light in vacuum. The coherence time can be interpreted as the
average temporal width of a wave front emitted by the source.

Remarque

At an observation point M, if the optical path difference is greater than the coherence length,
then the interference phenomenon can no longer be observed. The illumination appears
uniformly white. This shade is called higher order white. When this illumination is analyzed, we
can observe a discrete spectrum, which means that the illumination is missing some
wavelengths; these correspond to destructive interferences.

3.3. Examples

Let us consider several sources and their corresponding interferograms [2 [[2]],4 [[4]1]] :

a) Case of monochromatic radiation

In the case where the spectrum is only composed of a monochromatic wave with a wavelength
Ao, we can model the spectrum as:

SS(G):IOcS(J—aO)

Therefore, the spectral envelope is reduced to a Dirac distribution So(0) = Io6(c). The Fourier
transform So(c) is So (6) = lo. The degree of coherence is then:

Y. l0)=1

The coherence length is thus infinite, since the degree of coherence cannot be integrated. The
interference signal is then:

1(8)=al+bIycos(2m0,0)
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The spectrum and its interferogram are represented in figure 9 for a monochromatic source
with a wavelength of 4o = 600 nm,

Source Interferogram

Spectrum
4 a+b
59 1(5) # (a+b)l, (\ ﬂ
I{] Fo

0 o 2 15 1 05 o o5 1 15

b) Case of two wavelengths

If the source includes two monochromatic waves with wave numbers 01 and 02 with 02 > 071
and equal amplitude lo, its spectrum can be modeled as:

SS(U)ZIO5(0—01)+105(0—02)

oo = 5(01 +02)

In this case, the average wave number of the spectrum is and the spectral

interval is Ac = 02 — 01, We then have:
S,e)=1,6 O'—O'O—A—J +1,6 0—00+A—0
2 2
and since So(0) is the spectral envelope (see figure 8), we have:

A A
So(a)2105(0—70)+105(0+70)

for which the Fourier transform is:

S,161=21,cos(7 Ac d)

The degree of temporal coherence is thus:

y..[81=cos(x Ao J)
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The interference signal is written as:

1(6)=2al,+2b1,cos(x Ao d|cos(2ma,0)

The interferogram shows beats. They are represented in figure 10 in the case that
A1 = 600 nm and A2 = 650 nm,

Source Interferogram
Spectrum A
19 | 2(a+b) I,
G
ID F'y 5>
o o (um)
> >
0 o o 15 10 5 lo 5 10 15

In this ideal case where the line width is considered as infinitely narrow, the coherence length
is also infinite because the degree cannot be calculated. However, in reality, it is necessary to
consider the width of each line as well as a model for the lineshape. We would then see that
the degree of coherence can be calculated, and that the coherence length is not infinite but
depends significantly on the line width.

c) Case of a rectangular spectrum distribution

If we consider a uniform spectrum distribution on the interval Ao centered on 00 and with
amplitude o, the spectrum is described by the rectangular function:

SS(O'):IOHM(O'_UO)

and:

So(a):IoHAU(U)

for which the Fourier transform is:

~

S,(0)=Ac I sinc(Ac o)

Remarque
for the following equations, the sinc function is defined by
) sin (/7
sine(x)= 507 %)
T X
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The intensity distribution is written as:

I(é)ZIOAa(ch sinc(Aaé)cos(Zﬁaoé))

The degree of coherence of a given source is thus:

y. . 0)=sinc(Ac )

The spectrum and the interferogram are represented in figure 11, in the case where
Ao = 600 nm gnd Adp = 400 nm (simplified model of white light).

Source Interferogram
Spectrum
A 1(d 4 2@@+b)Aci,
S5 Ac
<>
Ii]
o o (pm)
> >
0 Gy -4 3 2 -1 0 1 2 3 4

The coherence length is obtained by calculating:

1.=]"" |sinc(Ac 6)fdo

which gives:

With the numerical values, we find that - = 0.9 microns and 7. = 0.3 fs,

d) Case of a monochromatic wave with a lorentzian spectral
distribution

This situation corresponds to the broadening of spectral lines by the Doppler effect, which is
caused by thermal agitation in the emitting medium. The spectral intensity can be modeled by:

— IO
B 1+4(a—00)2/A o

SS(O')
where Ao represents the length of the line at mid-height.
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The envelope of the spectrum allocation is described by:

SO(J)

_ IO
C1+406%A0°

for which the Fourier transform is:

§0(5)=% Ao I,exp(—m Acldl)

The degree of temporal coherence is:

yc,,(é)zexp(—ﬂAalél)

The intensity is expressed as:
](5):%A0’]0(d+be){p(—ﬂAO'|5|)COS(2JTO‘O§))
The wider the line is and the faster the interferogram decreases, then the ability to observe the

signal modulation also decreases. The spectrum and the interferogram are represented
schematically in figure 12.

Source Interferogram
Spectrum N (o)
4 (@+b) AGIy2
Ss5(0)
© Ao
o ﬂ )
: > . i

0 Gy 0

The coherence length is:
1.=["" lexp(~ AcloId o
which gives:

_ A
= =0.318-%
¢ mTAo AA
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For example, in the case of a diode laser for which Ao = 669 nm and Ay = 1000 MHz we have
Al =12x10"*nm. We can calculate that lc = 95.4 cm and 7. = 3.18 ns, With the parameters,
the graphic representation of the interferogram of an optical path difference equal to the
coherence length is not possible to the large number of oscillations of €08(21006) under the
modulation curve.

4. Spatial coherence

We saw in paragraph B.2 that interfering wave vectors influence the signal and in particular
the cosine term . In the case of two waves that are perfectly monochromatic and of the same
wave length, the interference signal is written as:

I=a+bcos(2x8/A)=a+bcos(2750)

This paragraph aims to study the influence of the spatial width of the source, where the waves
are issued from, on the contrast of the fringe figures. The influence of the spatial width of the
source describes the spatial coherence of light. All interferometric devices seek to generate
two waves from a single wave that is produced by a single source. There are many diverse
technical solutions to do this, but we can always identify two secondary sources from which the
waves that will produce the interferences propagate. In the following section, we will consider
the presence of two secondary sources without going into the technical means that are
necessary for their creation. The course, Interference: interferometers, will discuss
interferometers more in depth. If the reader wishes to know more about this subject, he may
consult the aforementioned course.

4.1. Interferogram with an extended source

In the case of two waves originating from the same extended source, a wave vector
corresponds to each point in the source. Thus, each point in the source will contribute to form
the interferogram. Therefore, we can see in the observation zone the superposition of all the
interferograms that are produced by the all the points in the source.

Remarque

Qualitatively, if all the interferograms are slightly dephased, one by one, the interference
signal will be noisy, which will mean a drop in fringe modulation. This drop in modulation is of
the same kind as that of temporal coherence: the amplitude of the cosine is weighed by the
degree of spatial coherence of the source.

All points in the source are characterized by their luminance. Each surface element of the
source, dXdY, centered on S, produces, after the interferometer, a light distribution of the type

[2 [[2]]]:
dIocL(S)dX dYX(a+bcos(27x60))=L(S)dX dY x(a+bR|exp(2izdo)])

The virtual “synchronous” sources that were created from a single source by the
interferometer are referred to as “secondary sources.” In figure 13 the two secondary sources
are represented by S1 and S2. The secondary sources S1 and S2 have their respective

/ ’ / ’ —>
coordinates (X1 Y1) and (¥3,Y3). The width of the source is materialized by the vector dS = SS’.

23
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Plane of
source (X. Y)
AY
Plane of secondary
S’
. X sources (x’,)’)

- 4y

— =54 S
B P2 e Screen(x,y)

i A

y
~g M(x.))

<

H
* Figure 13: The shift of the source point of dS produces a variation in the optical path
difference.

4.2. Evaluation of the optical path difference

For any point S’ in the source, the optical path difference at point M at observation coordinates
(*,¥) can be broken down into two parts. The first one takes into account the optical path
difference introduced between the source and the secondary sources, while the second one
takes into account the optical path difference between the secondary sources and observation
point M.

S(S)=([S'S,]-[S'S,])+([S,M]-[S,M])

with:

[S'Sz]_[S'S1]:A(X)Y):\/(X_x,2)2+(Y_y’2)2+d?_\/(X_x ,1)2+(Y_y'1)2+d?

Under the condition that the transversal lengths remain small despite the distance separating
- |—
dS|.[5755] < dl)

b

the primary source and the two secondary sources( , we can write:

2

A(X,Y)=d1+2Ldl((X—x'2)2+(Y—y'2)2)—d1—2iﬁ(()(—x'1)2+(Y—y'1)2)

which gives:

24
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We can therefore deduce that:

o(S'")=o
( ) O+ dl
where
)2 2 )2 2
XHty, xyty,
= M) — M -
(o ([Sz ]) ([Sl ])"‘ 2d, 2d,
Remarque

For point S, and the secondary sources placed symmetrically, we find that:

5(S):([S2M])_([51M])

Based on the previous expressions, we can note that optical path difference can also be written
as:

—_— —_—
where i =SS1 and i1 — > = 25 1.
This expression leads us to the following conclusions:
1. There is no variation between the optical path difference and the width of the source
when:
= . =2 _—>_ = .
- The shift dS is perpendicular to the vector ¥ =u1 —u2, In this case, the source
point can be replacgd by a_)source slit without affecting the fringe contrast.
- If the two vectors U1 and U2 are collinear, the interferometer is said to be amplitude-
splitting, and a wide source can be used.
2. The optical path difference in S’ is expressed as: 0(S") = do + aX + BY
where (@.8) = (X} = x3)/d1, (¥} = ¥2)/d1) zre the apparent angles through which the two
secondary sources are seen from the source's center S in both transversal directions of
the reference axes. .
3. When the vector @ is parallel to the shifting vector dS, the optical path difference is
expressed as: 0(S") = 0o + @AS
Fringe contrast dicrease will occur, if the variation in optical path difference is equal to
/2 je.: a0 = 2 .

Qe < ——
which corresponds to an angular width of spatial coherence of the order: 2AS .

4.3. Two types of interferometers

In the previous paragraph, we saw that there are_)amplitgde—splitting interferometers that are
characterized by the fact that the unit vectors “1 and Y2 are collinear; this means that the
interfering rays correspond to two emissions from the interferometer produced by the same
incident ray.

The other variety of interferometers are wavefront-splitting interferometers. There are
inconvenient because they cannot be used with a wide source, since the fringes rapidly

25
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become confused with the dimension of the source. For both kinds of interferometers, the
interferences are not localized, that is to say they are not observable in all of the field of view,
when the source is non extended. On the other hand, in the case of a wide source with an
amplitude-splitting interferometer the interferences are localized at the intersections of pairs of
emerging rays corresponding to the same incident ray.

Amplitude splitting interferometer Wave front division interferometer

Separator 1

Mirror 3 =

Mirror 2

Interferences

Mirror 1 Separator 2

Mirror 4

The table beneath summarizes the previous sections.

Wavefront-splitting Amplitude-splitting
Puntual source Non-localized interferences Non-localized interferences
Extended source No interferences Localized interferences

In the module “Interference: interferometers” the reader may find different examples and
analyses of such devices.

4.4. Illumination at an observation point

The source element dXdY gives to observation point M of the abscissa (x,¥) the intensity:

dIcL(S")d XdYx(a+bR[exp(—2iz6(S")o)))

i.e. by replacing 9(S’) with the expression:

dIcL(X,Y)dXdY X(a+bR(exp(—2izo(d+a X+AY)))]

For all of the source, the different points emit incoherently:

o

I=af L(X,Y)dXdY+bR(exp(2incd,) [ —L(X,Y)exp(—2izc(aX+BY|)dXdY]

source
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This expression can be rewritten as:

I=a[" L(X,Y)dXdY
+heos(2700,)R| [ L(X ¥)exp(2izloa X+opY))dX dY |

we note that:

1=aR|L(0,0)}+bR |0 e, o) cos(2706,)

where L(o@, o) is the Fourier transform of the source's light distribution. This result means
that the interferogram observed in the presence of an extended source is directly related to
the Fourier transform of the sources light distribution.

For@=8=0 we have L(0) = R[L(0)] and the interferogram becomes:

Lloa,op)
L(0,0)

I1=R[L(0,0)]| a+bR

]cos(Zﬂaéo)

The modulation term of the cosine is referred to as the degree of spatial coherence of the
source. We note the spatial degree of coherence:

yesla, Bl=R

Z(aa,a/a’)]
L(0,0)

Fondamental

This result constitutes the Van Cittert-Zernike Theorem [2 [[2]]] : it demonstrates
that the degree of spatial coherence at point M on the screen is equal to the value of
the Fourier transform of the source's light distribution that is calculated for the
angular coordinates where the secondary sources are seen from the center of the
primary source. The degree of spatial coherence is normalized in such a way that
Ye,s = 1 if Siis confused with S2 the spatial coherence is obviously perfect if the
secondary sources are superimposed.

Remarque

Note that unlike temporal coherence, the contrast does not depend on the value of the
optical path difference, but that instead it depends on the angle from which the secondary
sources are seen from the center of the source. The contrast diminishes as angles @ and B
increase. (figure 15).
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-

4.5. Examples

a) The case of a circular source

Let us examine the decrease in contrast produced by an extended source with a circular shape
that is emitting a monochromatic radiation of 4 = 500 nm. Figure 16 shows the notations. We
note 2R the diameter of the source.

Screen (x,¥)

y
\. M(x sy)

<
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The circular source has a uniform brightness that can be described by the following function:

1 X°+Y’<R?

LIX,Y)=
(x.7) 0 otherwise

The Fourier transform of the source's angular distribution is given by:

Lioa,op)=[ L(X.Y)exp(—2iz(ca X+opY))dXdY

The source has a circular symmetry; we can use a transformation in polar coordinates
for (X,Y) and (@.p), i.e.:

r=VX2+Y?  x=rcosf y=rsinf  H=arctan(Y/X) 0€[02x]
o=Va*+B’  a=pcosp PB=psing gp=arctan(fla)  ¢€[0,27]

thus,
Llca,oB)=L(p, ¢):f(2)” dﬁf:)wrL(r)exp[—2i1rcrr,0(c0s<9 cos g+siné sing)|dr

or also:

+00

Z(p,q)):fo rL(r)[f(z)ﬂ exp[—2ifrarpcos(0—¢)]d¢9]dr
considering that:

JJZ/H,O)Z%JT)H exp|—2izorpcos(—g¢)|do

Jo being the Bessel function of the first kind of order 0, we have:
Z(p,¢)=2Jrf;er(r)J0(21rorp)dr
Due to the definition of the brightness function, it follows that:

Z(p,¢):2ﬁf;R rJy(2morp)dr

Assuming 4 = 27m'rp, we obtain:

1 J.+2ﬂr;pRuJ0(u)du

0

Z(Mb):ﬁ
ol p

along with the equality:

f;uJO(u)duszl(x)
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J1 being the Bessel function of order 1 such that J1(0) = 0, we finally obtain:

~ J,(2xopR) ,2J,(270pR)
=R——— =R
Lip.¢)=R op d 2x0pR

Since we have (figure 16):

p:\/az_'_/),z:\/(x \=xLVldi+(y =y ) ldi=ald,

the degree of spatial coherence of the circular source is finally written as (2J1(0)/0 = 1).

(2ﬂaR)

y —g|Lleac Bl oI Tle.o)|_ Ad,

7(0,0) 7(0,0) 2xaR
Ad,

The formula for the degree of spatial coherence of the circular source is 2J1(Z2)/Z where
Z =2naR/Ad;. Figure 17 shows the outline of the degree of spatial coherence of the circular
source as a function of the value of Z expressed in radians.

Z (rad)

Table 2 gives the values of Z for maxima, minima, and zeros of the degree of coherence.
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Z (rad) 2']17(2) max / min / zero
0 1 max
3.832 0 ZEero
5.136 -0.1323 min
7.015 0 Zero
8.416 0.0648 max
10.172 0 Zero
11.620 -0.04 min

The zeroes of the degree of spatial coherence are not equidistant. The first contrast
cancellation is obtained by:

2mxaR
Ad,

=3.832

i.e. by a distance between the secondary sources that is equal to:

Ad,

=122
a4 2R

Remember that 2R represents the source diameter.

As a result of the angular diameter @s = 2R/d} from which the source is seen from the plane of
the secondary sources, we obtain:

a:1.22ais

As a numerical example, let us consider the case of the Sun for which the apparent angle of
observation from Earth is «lphas =32"=9X 107 rad, The preceding relation gives
a ~ 68 microns for A = 0.5 microns. If we want to observe contrasted interferences at a point M
on the screen, the secondary sources must not be separated by a distance greater than this
value. Sunlight, therefore, has a weak spatial coherence.

For secondary sources of the same amplitude, the interference signal at a point M on the
screen can be written as:

2J,(2waRIAd,)

I )= L e R

cos(Zﬂ'oéo)

Figure 18 shows the interferograms obtained for the different values of the degree of
coherence on a screen.
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.5 = 0,6

w— —
I ——
I ——
I —
I —
R ——
I ——
I ——
I ——
——

Yag =0

0,13

}'c,.5'=_

Yes = 0,06

The fringe contrast evolves as a result of the source radius R following the curve in figure 17.
If the value of R is low, the fringe contrast is ostensibly equal to the unit. As R increases, the
contrast diminishes and eventually becomes null when a = 1.224di/2R, Then, when the
contrast becomes nevative, the bright fringes occupy the position of the dark fringes and vice
versa; this inversion can be observed quite easily in figure 18, even if the contrast is rather
weak (Ve, sl = 0.13)_ 1f the value of Rcontinues to increase, the fringes become less and less
visible until they disappear completely.

b) The case of a rectangular source

Now let us examine the decrease in contrast caused by an extended source with a rectangular
shape. Figure 19 shows the notations. We note (Lx, Ly) as the dimensions of the source.

32
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Screen (x,¥)

4y

\. M(x sy)
X
<:,

The circular source has a uniform luminance that can be described by the following function:

1 [X|<L/2and|Y|<L,/2

L(X,Y)=
( ) {O otherwise

The Fourier transform of the light distribution of the source is given by:
Loa,op)=[ L(X,Y)exp(—2iz(caX+opY))dXdY

Keeping in mind the definition of the brightness function, we have:

+LJ2

Lo a,a/)’):f_m exp(—2imcaX)dX fiLL//z exp(—2iropY)dY

This expression can be easily integrated, so we find that:

Z(a a,oB)=L, L, sinc(a an)sinc(a[,y/)’)

Since the secondary sources are reduced to two points, (a.B) = (a/d,, 0), we have:

Lloa0)=L,L,sinc| 22
oca0)=L, L sinc d,

For the case illustrated in figure 19, the degree of spatial coherence of the rectangular source

is written as:
Loa,o . al
=R —( ﬁ)]——smc( ")

Yes Z(0,0) A._dl

The degree of spatial coherence of a rectangular source has the shape of a sinc function.
Figure 20 shows the shape of the degree of spatial coherence of the rectangular source as a
function of the value of Z expressed in radians.
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The zeroes of the degree of coherence are equidistant. The contrast is cancelled at:

wal,

Td =nx neN

The first zero is obtained for the distance between the secondary sources that is equal to:

_Ad,
L

a

X

This expression gives us an estimate of the width of the spatial coherence of the source.

This course has introduced two-wave interferences, in order to understand these it also
examined the notions of optical path difference and coherence. The reader should remember
the following key points: temporal coherence is due to the spectral width, while spatial
coherence is related to the source's extension; a monochromatic and point source is coherent
both temporally and spatially.

The case studies will focus on Young's slits interferometer used with monochromatic light, and
with white light.

The exercises will test your understanding of the main ideas presented in the course.
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II.Case studies : interferences with
perfectly coherent light

The examples and case studies of two-wave interferences can be further explained through
Young's Double Slit experiment for a temporally coherent and spatially coherent source. The
general results that are found remain valid for any experimental model chosen. We will use
these results again in the module “Interference: interferometers.” Young's experiment is
represented schematically in figure 21.

screen
X 4 X

A point source S, which is coherent spatially, is placed at the focal point of a lens; the resulting
plane wave intercepts an opaque sheet with two identical and very small slits F1 and F2 (for
example 0.0l mm in diameter), separated by distance a. The wave length of the
monochromatic plane wave is noted as 4. Due to diffraction, a phenomenon that is not studied
in this course, each slit F1 and F2 behaves like a source lighting a screen that is placed further
on in front of them. The radiation emitted by F1 and F2 recombine at a point M on the screen,
after having gone through two different optical paths (1) and (2). A point of the screen with
slits is identified by its coordinates (*",¥"). The observation is then made on screen E situated
at distance do from the Young slits. This distance is large compared to distance a ; a point M
on the screen is identified by its coordinates (x,¥). Since the two waves are temporally
coherent, the intensity distribution on the screen is given by the relation (see "Interferences
signal", paragraph B.4)

I:Il+12+2\/1112c0s(2];(5)

For both source slits that are diffracting the light in the same way, we have 11 =1 =1o/2
where lo is the intensity of the source and the interference signal is written as:

I:%(Hcos(zz—é)) (2)
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The optical path difference, denoted as J, is due to the fact that the optical path [F2M] is
different from the optical path [FiM]. This optical path difference produces the phase shift ¢
given by:

This general relation can be applied in all cases where we have:
e a point source (spatial coherence),
e a monochromatic source (temporal coherence),
e two interfering waves.
The distinction between interference experiments for two waves only affects the expression of

the optical path difference ¢ which only depends on the geometric parameters of the set-up.
1

The intensity distribution o is with an average value of 1/2 and with period A. It is
represented in figure 22. For the bright points on the screen, the optical path difference ¢ is
equal to a whole number multiplied by the wavelength: 6 = kA(k € N). For the dark points, the
optical path difference ¢ is equal to an odd whole number multiplied by half the wavelength:
0=Q2k+1)1/2(k e N),

The quotient of k =6/4 is referred to as the order of interference. All the points of the same
order of interference are in the same state of interference; they belong to the same fringe, and
therefore have the same illumination.

Light shape A

3L 20 A 0 A 24 3A
Xdya

Screen aspect
| |

T~
— —

I

32d, 2id, id, 0 id, 2id, 3id,

a a a a a a
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1. Young's slit experiment with monochromatic light

In this paragraph we will examine how to express ¢ as a function of the abscissa x of
observation point M, of the distance a of the slits, and of the distance do from the slits to the
observation screen. In this set-up, the distance do in meters is far larger than the distance
between the axes a of the slits in millimeters. It is possible to consider that the distance F1M is
equal to the distance MH, which is the same as identifying the cord FiH with the
corresponding arc. Since the index of air is very close to 1, the optical path difference d is equal
to length F2H ;

0=F,H=asina

The distance do is also large for x, the angles @ and @’ are small and slightly different from
one another, so if @ is expressed in radians:

X .
tan a~tan o' =—=~smma~a
0

i.e. by combining the last two equations:

ax

PELES
dO

and replacing ¢ with its expression in relation (2), we obtain an expression for the interference

signal:
1 2wax
I=2(1+
2( cos( Jd, ))

The spatial period on the screen, referred to as interfringe distance is expressed as:

_Ad,

l

a

It represents the distance on the screen between two consecutive bright fringes or two
consecutive dark fringes. If the distance a between the slits increases, the interfringe distance i
diminishes; the interfringe distance also diminishes with the wavelength.

You can see an animation of these influences at the following website: http://www.f-
vandenbrouck.org/interferencel.htm/*

Since a, do, A are constants for any given set-up, the site of the points that are in the same
state of interference and have thus the same order of interference, verifies that:

%:kzcte-)xzcte

Therefore, site of these points is constituted by a set of planes parallel to the constant
abscissa. On the screen, these planes present rectilinear fringes that are parallel to each other
(see figure 23).

1 - http://www.f-vandenbrouck.org/interferencel.html
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2. Case of white light

For white light, we can consider that each wavelengths of the visible spectrum constitutes a
system of superimposed fringes. As long as the optical path difference 6 remains smaller than
the coherence length of the source, the field appears as colored fringes (see figure 24)
referred to as white light fringes. When ¢ increases, the colors fade and we refer to them as
bleached. Then, when the optical path difference becomes greater than the coherence length,
the field appears uniformly white. This shade is referred to as higher order white. The
fringes have disappeared, in other words, the modulation in the cosine has been reduced by
the effect of the source's temporal coherence. For a white source where Ao = 600 nm and
AA =400 nm(see paragraph C.4 - Case of a rectangular spectrum distribution), the

o lo=—=0,9um
coherence length is given by AAd
1 micron, the fringes disappear.

, thus when the optical path difference exceeds

Remarque

If we analyze high order white color with a spectrum, we will see that all wavelengths between
400 nm and 800 nm are absent; those that verify the relation 0 = (2k + 1)4/2(k € N) and that
are hence “turned off” by destructive interference are missing.

38
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II1.Self-Check exercises

1. Course content

Indicate which statements are true:

Question 1

[Solution n°1 p 43]
The longer the lifespan of a wave front, the more monochromatic the light.

Question 2

[Solution n°2 p 43]
The longer the lifespan of a wave front, the weaker the frequency.

Question 3

[Solution n°3 p 43]
The longer the lifespan of a wave front, the larger the coherence length.

Question 4

[Solution n°4 p 43]
- - >
In emptiness, the triad (k,E,B)is orthogonal for an electromagnetic wave.

Question 5

[Solution n°5 p 43]
A parallel beam of light represents a plane wave.

Question 6

[Solution n°6 p 43]
Wave surfaces contain light rays.

Question 7

[Solution n°7 p 43]
Quasi monochromatic light has a large spectrum.

Question 8

[Solution n°8 p 43]

The coherence length of a quasi monochromatic laser (gas) source A = 107% nm is large, up to
several meters.

Question 9

[Solution n°9 p 43]

A wave surface is the site of all points where the electrical field vectors oscillate at the same
phase (modulo 27 )

Question 10

[Solution n°10 p 43]
Two wave surfaces at a distance of 24 oscillates at the same phase (modulo 47 )

Question 11

[Solution n°11 p 44]

Two polarized rectilinear waves whose polarization directions intersect at an angle of 90° can
interfere.
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Question 12

[Solution n°12 p 44]

Two polarized rectilinear wave whose polarization directions intersect at an angle of 45° can
interfere.

Question 13

[Solution n°13 p 44]

The fringe contrast of interferences is the greatest when the two sources have the same
intensity.

2. Young experiment

In the Young slit experiment, the slits are spaced by distance of @ = 0.2 mm and the screen is
placed at a distance of do = 1.5 m The distance between the fifth minima situated on both sides
of the fringe of the order of 0 is equal to 34.73 mm.

Question

[Solution n°14 p 44]
Determine the wavelength of the used source.

3. Young experiment with white light

A source of white light (400 —700nm) jlluminates Young slits spaced 1.25 mm away. An
interference pattern can be observed on a screen that is placed 1.5 m away. If the source slit of
a high-resolution spectroscope is placed at the level of the screen and 3mm away from the
central white fringe (and parallel to the interference fringes), we can observe dark grooves.

Question 1

[Solution n°15 p 44]
At point M can we observe interferences ? Explain.

Question 2

[Solution n°16 p 45]
To what wavelengths do the grooves correspond?

4. Problem

Let us consider two slits F1 and F2 made on an opaque screen that are infinitely narrow,
vertical, and spaced by a =2 mm. They are illuminated by a point source S, monochromatic
with a wavelength of Ao =550nm, The source slit S is equidistant to Fi and Fa. The
interference pattern is observed on a screen E, which is parallel to the slits and do = 1 m away
from them.

Question 1

[Solution n°17 p 45]
Calculate the illumination on screen E. Determine the interfringe distance and the contrast.

Question 2

[Solution n°18 p 46]

How does the preceding result change if S is replaced by a vertical, infinitely narrow slit Fo that
is parallel to F1 and F2 ?
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Question 3

[Solution n°19 p 46]

What can be observed if we introduce a constant phase shift ¥0 on one of the trajectories? At
Fi we interpose a very thin glass plate with parallel faces, of index n = 1.5. When this plate is
placed on screen E, all of the fringes translate by t = 2.9 mm.

1. What is the direction of this translation?

2. How many fringes are affected by this?

3. Deduce the thickness e of the glass plate.

Question 4

[Solution n°20 p 47]

We replace the plate with an absorbing screen with an optical density of 2 (DO = 2).
Determine the new contrast.

Question 5

[Solution n°21 p 47]
We remove the density filter and now use a spatially incoherent source.
Describe the phenomenon that is observed if the source is polychromatic (white light).

Question 6

[Solution n°22 p 47]

The source is d1 = 100 mm away from F1 and F2 and has a width of € = 6.8 um_ What happens
to the light at point M on screen E? How does the visibility vary with e ? What is the maximum
width for which the decrease in contrast remains below 10% ?

Question 7

[Solution n°23 p 48]

We use as source a grid made up of slits that are parallel to F1 et F2. Determine the grid
spacing and the width of the slits for which the contrast remains of the preceding value.

Question 8

[Solution n°24 p 49]

The source is once again a slit reduced to Fo but the source of monochromatic light is replaced

by a sodium vapor source, which has a spectrum essentially made up of two radiations with a
wavelength of 41 = 589.3 nm gnd A2 = 589.9 nm,

Find the energy spectral density function Ss(0) in terms of the average wave number
o = (01 +02)/2 and the deviation of the doublet Ao = 07| — 073,

Find the illumination normalized for screen E.

Question 9

[Solution n°25 p 49]
Carefully represent the previous function.

Question 10

[Solution n°26 p 50]
What is the value of the interfringe?

Question 11

[Solution n°27 p 50]
For which values of the optical path difference is there contrast cancellation?
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Question 12

[Solution n°28 p 50]

A source emits a spectral line with an energy spectral density function that can by described by
a gaussian shape:

SS(J):IOeXp(—K%)

where k = —4In2, 00 is the average wave number. The line is centered on the wavelength
where Ag is the width at mid-height Ao = 546.1 nm_ The source has a spectral width of
AA = 50 nm.

What is the value of Ac ?

Question 13

[Solution n°29 p 50]
Find the normalized illumination for screen E.
Calculate the coherence length of the source.

Question 14

[Solution n°30 p 51]
Carefully graph the normalized illumination.

Question 15

[Solution n°31 p 52]
What is the value of the interfringe distance?

Question 16

[Solution n°32 p 52]

Re-do the previous questions for the case of a two-wavelength sodium source, taking into
account the physical nature of each line: the fact that each line is described by a gaussian
shape. Assume A A,~0.002nm as the width of each line, which corresponds to 300K of
inhomogeneous broadening due to the Doppler effect, and A A=0.6nm for the distance
between the two lines.

What are the values of Ao,and Ao ?

Question 17

[Solution n°33 p 52]

Recalculate the normalized illumination considering that each sodium doublet can be described
by the Gaussian shape.

Graph the spectrum of the source and the obtained interferogram.
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>Solution n°1 (exercice p. 39)

True.

>Solution n°2 (exercice p. 39)

False, they are not related. However, the longer the lifespan of the wave train, the more the
source is monochromatic and the narrower the spectrum.

>Solution n°3 (exercice p. 39)

True, lc = cTc
>Solution n°4 (exercice p. 39)

- - > — > —
In vagumg)n_()E, B, K), form an orthogonal triad; the statement, therefore, is true for (k, E, B)
and (B, k, E),
>Solution n°5 (exercice p. 39)

True, according to Malus's theorem, the rays that form the energy trajectory are perpendicular
to the wave surfaces.

>Solution n°6 (exercice p. 39)

False , the waves are perpendicular to the wave surfaces.

>Solution n°7 (exercice p. 39)

False, it is a narrow spectral line.

>Solution n°8 (exercice p. 39)

True, in this case if we take 4o = 633 nm (HeNe laser) and a lorentzian spectrum, the order of
3 0.31822 0.318 x 6332

widthis: ¢ AA T 10°=127m

>Solution n°9 (exercice p. 39)

False, a wave surface is the locus of points where the electrical field vectors oscillate strictly in
phase. Vectors with a phase differing by 27 belong to 2 different wave surfaces distant from A.

>Solution n°10 (exercice p. 39)

True for the same reason as in the previous question.
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>Solution n°11 (exercice p. 39)

No because two perpendicularly polarized waves do not interfere.

>Solution n°12 (exercice p. 40)

Yes, but the average intensity of the interference figure is weaker than if the polarizations
were parallel.

>Solution n°13 (exercice p. 40)

True, in order for the contrast to be the greatest, the complex amplitudes associated to each
source must be equal.

>Solution n°14 (exercice p. 40)

The bright maxima corresponding to the orders of
k={-4, -3, =2, -1, 0, +1, +2, +2, +3, +4} are located between the fifth minima situated on
both sides of the fringe to the order of 0. We can count 9 fringes on the screen.

By assuming that Ax = 34.73 mm, we can write the relation:

Ad,

a

Ax=9i=9

from which:

_0.2X34.73

= =514x10 *mm=514
951500 5 0 mm=514nm

>Solution Nn°15 (exercice p. 40)

At point M the optical path difference ¢ is :

1.25%3
o=2%_ =25
U 1500 am

The coherence length relative to the white source used (uniform source model) has a
magnitude of (Ao = 550 nmand 64 = 300 nm):.

The optical path difference is greater than the coherence length; consequently, the
interference phenomenon can no longer be observed. Point M is located within the higher
order white. By observing with a spectroscope, we can see that some wavelengths are missing.
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>Solution n°16

The dark lines in the spectrum correspond to destructive interferences. Therefore, the orders
of interference are verifying: 0 = (2k + 1)4/2

They are included between the two extreme orders , ks and kr correspond to the two extremes
of the spectrum. For the wavelength interval between 4p =400 nm and Ag = 700 nm, the
extreme values of the orders of interference are:

k = ax —l: 1.25X3 _122;5_125 75
B Apdy 2 04x107°x1500 2 04 2 7
and
1 1.25%3 1 25 1
k=== =2 307
B Apdy 2 07x107°x1500 2 0.7 2

Since the orders of interference are not integers, there are only two dark lines in the spectrum
that correspond to the orders k1 =4 and k2 = 5, and therefore to the wavelengths:

_ 20 _2X25_ —

okl 9 =0.5556 4 m=555.6nm
and

_ 20 _2X25_ —

2_2k2+1_ T =0.4545 um=454.5 nm

>Solution n°17

The set-up of the model and the notations used are shown in figure 25.

Young slits screen
- x
Young slit X’
X M
Fl
Y NS 3 N N >
A
F2
) d | d, X
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Let us take the case of a two wave interferometer with perfectly coherent light, since the
source is punctual and monochromatic, the distribution of illumination is:

1, (ma))
I—?(1+cos )

In the case of Young's slits, the interfringe distance is expressed as:

i:ﬂdo:550><10‘9><1

p X107 =0.275 mm

Since the source is perfectly coherent, the maximum contrast is equal to 1.

>Solution Nn°18 (exercice p. 40)

If the source S is replaced by an infinitely narrow vertical slit, the different source points are
incoherent amongst themselves and the light is partially spatially coherent. The optical path
difference for a point M on the screen is given by the relation in paragraph D.3 of this course
(Evaluation of the Optical Path Difference):

1,4 N -
(5(5')=50+d—1(u1—u2).d5

—> _)
Here the vectors if - 52) = F>F| and dS are orthogonal (figure 26).

screen

Sak‘ y M

Xy
I
o
e
/N\H

- - g )
Consequently (1 —u2) XdS =0 and the degree of coherence is equal to 1, the contrast does
not diminish.

>Solution n°19 (exercice p. 41)

A given fringe corresponds to a given optical path difference ¢ If we interpose a glass plate in
the trajectory of F1 (1) the optical path increases because the index of the plate is superior to
the index of the air. In order to compensate for this difference, the path length of the
trajectory (2) must increase so that the value of the optical path difference does not change.

1. Therefore, the fringes pass through the side where the plate has been inserted.
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2. The 2.9 mm shift is caused by the passing of the fringes:
t

i 0.275 " because a spatial period corresponds to an interfringe distance.
3. When the glass plate is interposed, the optical path difference varies because on a
thickness of e the air index 1 is replaced by the index n of the glass. The variation is
thus: A6 = (n—1)e
The passage from one fringe to the next of the same nature (dark or bright)

corresponds to a variation in the optical path difference of A, from which:
ka  10.54 x0.550

n-1 15-1

e =

=11.6 yum
>Solution Nn°20 (exercice p. 41)
Both slits do not have the same intensity, so we must split the current relation:

1:11+12+2¢1112c0s(2’;—5)
The relation between both intensities verifies:

Il
DO=-log,, 7.

2

from which:

1,=1001,

1:11[1o1+20cos(2’/{‘5)]

which produces a contrast of:

D=L in 12181 _

C= = =
ot 121481

0.2

>Solution Nn°21 (exercice p. 41)

The case of a white light source is the same as the one described in the case study in
paragraph II.B "Case of white light"

>Solution N°22 (exercice p. 41)

The sources still have the same intensity, but the source is no longer spatially coherent
because it has a width of e. The set-up and notations used are represented in 27.
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Young slits screen
> - x
young slit X
X M
F,

The interference fringes have a weaker contrast. The intensity distribution on the screen is
given by:

I z(a a,o /)’)
I:?O 1+R W]COSQ”%‘%)

L represents the Fourier transform of the source's brightness function.

The source's spectral distribution of luminance can be described by a rectangle function with a
width of e :

L(X,Y)=T1[X]
for which the Fourier transform is:
Z(aoa,O)ze sinc(eaoa)
where 00 is the wave number of the source and @ = a/d\ is the angle from which the slits are

seen from the source center.
Consequently, the degree of spatial coherence is equal to:

Lo a0 -3
=R —L . ) =sinc | —% |=sinc 2X6'8>i£0 =0.9
L(0,0) Aod, 0.555x107>x 100

>Solution n°23

First, let's consider a single source slit that has been shifted on the plane (X,Y) by a quantity P
following the X axis. For a point M on the screen the optical path difference varies by
Aé =ap/di, The calculation is analogous to the one in the Case Study. If this optical path
difference is equal to k1 then the figure of interference is identical to the preceding one. The
figure is translated downwards by the equivalent of one interfringe distance. A bright fringe
(respectively dark) has replaced the following bright fringe (respectively dark).

48
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Consequently, the single source slit can be replaced by a lattice:

_Ad; _0.550x100
p_ =
a 2

=27.5um

>Solution n°24

The source is now spatially coherent, but partially temporally incoherent.

As seen in paragraph C.3.b ("Examples" in Temporal Coherence), the energy spectral
density is expressed as:

S,e)=1,6 O'—O'O—A—a +1,6 0—00+A—0
2 2
and we have (see paragraph C.3.b "Examples"):
1
1(6)270[1+cos(7rAa5)cos(2ﬂ005)]

>Solution n°25

Graph of the intensity distribution on the screen: the interferogram has beats and a similar
structure to the one shown on figure 28.

Interferogram of an ideal sodium doublet

‘nw%
] 1
] ]
1 1
LTI 1A
' A~12Ac |
B L
' I o
1 1 »
0 12Ac 1/Ac
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>Solution n°26 (exercice p. 41)

The interferogram of the doublet is also written as:

1
116)==2| 1+cos(z Ao d)cos 279
2 Ao

The inferfringe distance is thus given by:

with /10 = 1/0‘0 = 2/1611/12/(/11 + /7.2) =589.3 nm,
Therefore, we have:

l.:O.5893><10_3><1000

> =0.294 mm

>Solution N°27 (exercice p. 41)

The contrast function Ye, + = €08(TA0"6)cancels out when the cosine function is equal to /2 + krr
, i.e.:

1 k
= +—
2A0c Ao

0

>Solution n°28 (exercice p. 42)

Same procedure as the previous excercise.
The value of Ao is given by:

-9
Ag=BA__ S0XI0 ~ _ ) o i0Pem™!

A (546.1x107°)

>Solution N°29 (exercice p. 42)

The energy spectral density is:

T

SS(G):IOexp(—K e
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The spectral shape is thus:

2
SO(J):IOexp(—K AJ 2)

The Fourier transform of So(0) is:

The degree of coherence is:

The interference signal is expressed as:

Ilo) 1

I, 2

1+exp(—%ﬁzAazéz)cos(Zﬂaoé)]

The coherence length of the source can be calculated by using the expression:

1=["1y. 16Fdo

+00

C:f_w exp (—%ﬁzAazéz)dé

Taking into account that:

+00

J:oo exp(—xz)dx=v7

the result is:

0664 . A%
[ =0 =0.66485

When this value is applied it produces:

0.664

:m:&%xlo“‘cm:&%um
. X

c

>Solution Nn°30 (exercice p. 42)

The standard illumination has an average value of 1/2. It is shown on figure 29.
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Interferogram of a Gaussian source
19/ I

6 (pm)

15 10 5 lo 5 10 15

>Solution n°31 (exercice p. 42)

The cosine function always has the same period 1/6,=4,, the geometry does not change so
the period on the screen and the interfringe remain the same.

>Solution n°32 (exercice p. 42)

The value of Ao is given by:

AA -7
Agy=2t0 - 0.005><1o_7 _=0.057cm”
A% (589.3x107)

and the value of Ag is given by:

-7
NgAA__ 06X10

-1
A (589 3><10‘7)2:17'277m1

>Solution n°33 (exercice p. 42)

When each one of the sodium doublets can be described by a Gaussian function, the caseis
similar to the real situation. The energy spectral density function is written as:

s et olfet)

Conception & production : PRN -Le Mans Université 52



Self-Check exercises

The procedure is the same as in the previous exercise. We calculate the Fourier transform of
the spectral energy density, which is equal to the product of the Fourier transforms of the two

convoluted functions.
These Fourier transforms have been previously calculated.
The two Dirac distributions convoluted to the gaussian function are written as:

f(a)=5(0'—00—%)+5(0—00+%)

and their Fourier transform is:

flo)=cos(mAcd)

From this, we can deduce the expression of the normalized interferogram:

Ilo) _1

7 > 1+exp(—%/r2Aa§§2)cos(ﬂAaé)cos(2fr00§)
0

The intensity as a function of the optical path difference is represented in figure 30.

Spectrum of a real sodium doublet Interferogram
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