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II.Course

Light is composed of electromagnetic waves of which the propagation can be perfectly treated
in accordance to Maxwell's equations. This is essential when optical elements modifying the
propagation of luminous energy have very small dimensions, either close or inferior to the
wavelength. Of course, it is not the case with the greatest majority of usual optical systems
where one can consider the wave length to be infinitely small in comparison to their geometric
dimensions.

The case is that which is concerned with the approximation of geometric optics where the
undulatory nature of light is neglected, the interference, diffraction and polarization
phenomena ignored. We demonstrate that the fundamental laws of geometric optics can be
deducted from Maxwell's equations by shifting the wavelength towards 0.

Fermat's principle
Enunciated by Pierre Fermat in 1657, Fermat's principle acts as a foundation to geometrical
optics. The main propagation laws are derived from it. The terms by themselves cannot be any

simpler : light follows the shortest path in time. In fact, it can be demonstrated that it is the
longest in somes cases, but in any case the path is extremal.

Geometrical optics suppose that mediums are isotropic. A medium is isotropic when the index
is independent from the propagation direction and from the direction of light polarization. The
index (xyz) is therefore perfectly defined on every point in space. If v(xyz) is the local
propagation speed in medium and c the propagation speed in the void, we have in every way :
n=c/v.

Propagation speed depends only on the point considered, it is independent from the direction
of propagation.

Let us calculate propagation time T.s between two points in space A and B for a path
effectively followed by light :

A
ds B
/r;;r

[

For a trajectory element of which the length is ds, propagation time dT is :

:ﬁ:n-ds
% c

dT

Total propagation time is therefore :

1 B
TAB:E-fAn-ds (1)

The path followed by rays of light is such that T is minimum or maximum.
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1. Optical Paths

Trajectory time for reasonable dimensions being extremely brief, it is best to multiply the two
members of the expression (1) by c in order to obtain the length of the optical path Lisrom A
to B :

B
L=/, nds (2)

The optical path Lxs, being proportional toTs, has the same properties.
Fermat's principle therefore imposes that L. be extremal between A and B.

1.1. Minimum or maximum

Let us consider two points in space A and B in an homogeneous medium. Within a given point
M, a plane surface, of which the normal is the bisector of the (AMB) angle, allows the AM ray
to reflect towards M B, the light therefore follows the AMB path. For a tangent spherical
surface in M to the plane mirror the result is identical. For these two surfaces, the ray
reflecting itself in M alone passes through B.

The figure below is situated on the plane going through A, B and M. We traced the tangent
ellipse in M to the plane mirror of which the focus are A and B. Any point Mo of the ellipse is
such that Lo = AMy + MoBis constant.

Plan of mirror

Spheric
mirror

Ellipsis of
focus A and B

The optical paths for current points on the surfaces are :
Plane mirror : Ly =AM, + M B

Spherical plane : L =AM, + MB

The spherical plane having a beam curvature inferior to that of the ellipsis in M, it is evident
that : L2 < Lo < Ly

For the plane mirror L is minimal. For the spherical mirror L is maximal.

Conception & production : Le Mans Université 6
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1.2. Homogeneous mediums

A homogeneous medium is a medium where the index is identical at every point.
The integral (2) giving Las becomes :

Lip=n- fAB ds

The straight line being the shortest path from A to B, propagation is rectilinear.

1.3. The Reversibility of Light

In the integral (2) ds is not signed. Claculation of B to A whilst taking the same path yields the
same result.Lap = Lpa

The extremal path will therefore be the same whatever the direction. The path taken by light
from A to B or from B to A is identical.

1.4. Differential of the optical path
Let us consider two points A and B in space and the path taken by light from A to B. The
length of the optical path from A to B is L.

Let P be a parameter defining the path from A to B with a small variation dP, A and B
remaining the path extremes, and dL the variation induced from the optical path L.

Fermat's principle which imposes light to run an extremal to the optical path is expressed

thus :dp -

1.5. Length alteration of a rectilinear path by means of
displacement of its extremities

+d| aB

Conception & production : Le Mans Université 7
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_)
The length | = AB can be expressed by the modulus of vector AB :
=7 AB
(scalar product)
H
o isil)']e unitary vector in the direction of AB. For small displacements of A and B denoted dA
and dB, we get :
—> - =
d(AB) =dB - dA
Then
- — —
dl=du-AB+ u -d(AB)
-, . — - —
du is perpendicular to AB so du - AB = 0, we can deduce :
- =
dl=1u -(dB-dA)

If the index of the medium is n and L = nAB the optical path (AB), the variation of the optical
path dL is :

dL = 17 - (dB — dA) 3)

1.6. Refraction laws

Let us consider surface S in a space, separating two medium of indexes Mi1and N2 respectively
containing points A and B. The path effectively taken by light to go from A to B runs through
Point A on the surface.

Al is the the incident ray, IB is the refracted ray.
L = ny - Al + ny - IBjs the optical path (AIB).

Slight displacement dI of I causes a variation dL such thatdL/dI =0 according to Fermat's
principle. The expression (3) applied to the trajectory Al and IB give us :

- — —
dLa; = my - (dI — dA) = nyuy - dI
Similarly :
- - —
dLig = mouts - (dB — dI) = —naus - dI
- -
Since dA = dB = 0, finally we get :
H
dLap = —(nai> — nyuy) - dI
— - — -
If N is the unitary vector of the normal, V is that in the dI directiondl = V - dI that is :
H
dLap = —(natts — nyuy) - V - dlI
H
For a trajectory effectively followed by light, Fermat's principle impo_s)ing,dL/dI =0 for every dI
— — — —
, (n2u2 —niui) and V are perpendicular, therefore (n2u2 — niui) and N are parallel.

— — = — — -
(n2uz — myui) = kN shows that 41,42 and N belong to the same plane P.
P is the incidence plane, it contains the incident ray, the refracted ray and the normal to the
surface in I, 1 and 2 are, in this plane, the angles between the incident and refracted rays in
relation to the normal. We deduct the vectorial refraction relationship :
(mail3 — miiy) = (mcosia — mycosiy) - N (4)
And by refraction in the surface plane :
ny - siniy = ny - sinis (5)
Descartes' laws are deducted from the previous relationships :
Law 1 : The refracted ray is in the incidence plan
Law 3 : The angles i1 et i2 of incident and reflected rays are such that 721 - Sinij = ny - sinip

Conception & production : Le Mans Université 8
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La loi 2 is concerned with reflecting surfaces, for which i1 = —i2 . We will see later that the
formulas for refracting surfaces can be applied to reflecting surfaces with:n2 = —njy,

N4

a) Refraction

Let us consider two medium of indexes F1 et 12, Descartes' third law gives us the relationship
between the incidence and refraction angles in both mediums :

ny - siniy = ny - sinis (5)

This relationship is perfectly symmetrical, in accordance to the principle of reversibility of light.
A ray arising from the second medium in an angle i2 with the normal will form, after refraction
from the surface, an angle i1 in the first medium which meets with the relationship (5).

Conception & production : Le Mans Université
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b) Limit angle

Limit angle

Forii = 90°, a grazing incidence angle, the refracted ray forms, with the normal, the angle i2
such that : siniz = ny/ny,

I2 is thus called the limit angle i1 .

i; = arcsin(n/ny) (6)

Any ray arising from the second medium of which the incidence angle i is higher than i1 will

undergo total reflexion. Si le premier milieu est I'air ("1 = 1), le tableau ci-dessous
donne quelques valeurs de i/ : PAS TRADUIT

Deuxiéme milieu Indice pour A = 587 nm | Andle limite i, (deg)
Eau 1,333 48,6
Verre bas indice (BK7) 1,516 41,3
Verre haut indice (SF6) 1,805 33,6
Diamant 2,418 24,4
( Degrees )
50 +
i2 Limit Angle Air / Glass : il = 42°

40

- - - - ey | n1

30

20

10

0 T T T T T T T T d

0 10 20 30 40 50 60 70 80 20 )

(Degrees) i1

Total reflection in a multimodal optical fiber

Gaine ny

The core index is 11, the clad index is 12 < ny,

A light ray with an incidence over i1 on the core-clad interface reflects itself entirely, it is
guided.

Its incidence at fiber entry is lower than @o.

10
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@ is the half angle aperture of the fiber. The digital opening of the fiber is :

NA = sin(ao) = /n] —n;

2. Optical systems

An optical system is a set of surfaces which reflect (mirrors) or refract (diopter) light rays. A
centered system have a symmetrical axis. Systems dotted with diopters only are called
dioptrics (lenses, spectacles, microscopes). Systems composed of diopters and mirrors are said
to be catadioptric (telescopes).

2.1. Stigmatic image of an luminous point in an optical system

Let us consider a point A in a first space called “object space”. From A let us run a set of
luminous rays going through the system. If all these rays converge to the same point A’ of the
image space, we can write :

« A’is the image of A through the system. It is also said that A’ is the conjugate of A
+ The system is said to be stigmatic for AA’ conjugation

We demonstrate that stigmatism implies a constant value for the optical path (AA")

The case of a real image :

The image may be observed on a screen in the image space.

The case of a virtual image :

The image cannot be observed on a screen. It is nevertheless visible by an observer situated in
the image space.

Conception & production : Le Mans Université 11
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2.2. Approached stigmatism

Certain very simple optical systems are rigourously stigmatic :
e The parabolic mirror for an object point to infinity on the axis.
e An elliptic mirror for conjugation between geometrical focus.
e A stigmatic plane mirror pour all points in space.

These systems are not frequent and are not stigmatic for a unique object point. Generally,
optical systems are not rigourously stigmatic.

In this case, the image of an object point on a screen or light receptor (film, CCD matrix) is a
diffusion spot. If the dimension of the latter is lower than the film grain or the pixel size of the
CDD matrix it will then be seen as quasi-ponctual, the optical system will be equivalent to a
stigmatic system. It is said that there is an approached stigmatism.

Calculating for optimisation of optical systems consists in making these diffusion spots small
enough on every point of the image.

3. Dioptres

A dopter is a surface separating two different medium indexes. Apart from those with mirrors
or diffracting surfaces, usual optical systems (camera objective lenses, projection lenses,
glasses, microscopes) are exclusively made of a number of diopters.

Optical systems generally have a revolution axis and diopters used are generally spherical or
plane. The system axis is the line goring through the diopters centers of curvature, it is
perpendicular to the diopters planes.

Some optical systems can have optical aspherical surfaces of revolution around the system
axis. These aspherisation are necessary for the reduction of aberrations of which the study
cannot be treated here. Such a surface will be assimilated to a spherical diopter of which the
curvature ray is identical to that of the surface on the optical system axis.

3.1. The image of a luminous point in a diopter

Let us consider a spherical diopter separating two mediums of indexes n and n', defined by its
curvature center as C, its vertex as S, its curvature ray R=SC .

12
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All lengths and angles are orientated in accordance with the trigonometry convention

A point A is situated on the object space on line SC. The ray arising from A through S is
perpendicular to the diopter, it is not deviated. Another ray arising from A going through any
point I from the diopter is subject to refraction, the ray arising cuts SC at a point A'.

Let us look for the position of A'. According to figure 12 :

o
) s c A
+ V\+
n n’
+

i is the incidence angle of the ray on the dioptic.
i' is the refraction angle and, after (5), n.sin(i) = n'.sin(i’).
An usual formula in the triangle CAI gives :
CA _CA_ 1A
sin(r—i) sin(i) sin(w)

\ AN

(CA<0, TA<0, w<0, i>0)

One can also write :
CA _ 1A
sin(i’)  sin(o)

Therefore :

CA TA.sin(i)  n.IA
CA' TA' «inl( ') 7 TA' (7)
CA' TA'sin(i') n'.IA

Conjugate stigmatism would mean that A' does not depend on the position of I. It is thus
necessary that CA' remains fixed, similarly for the IA/IA' ratio. This is obtained only in a
particular position of A and is not achieved in general cases.

Figure 13 concretely shows an example of ray tracing in a diopter, the aberation here is
substantial. This tracing is obained by means of the free software Oslo-Edul which can be
dowloaded from this address : http://www.lambdares.com/downloads/index.phtml#osloedu?

2 - http://www.lambdares.com/downloads/index.phtml#osloedu
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3.2. Paraxial approximation

Figure 13 shows that the ray tranversal aberration increases with the height of incidence h of
on the diopter. Let us seek the limit A’ of the intersection of the refracted ray when h leads to
0. When I leads towards S, the relationship (7) becomes :
CA n-SA

= (3)
cA wn-SA
The study of aberrations shows that the distance gap dy' between the refracted ray and A’ on
a plane going through A’ and perpendicular to the axis is approximately proportional to /°.

For small values of h, ay'is very short, there is an approximate stigmatism.

In this case, rays incidences i and i’ on the surface of the diopter are low, sinus and radian
angles are very close, the relationship becoming : n.i = n’.i’

An incidence of 5° for which we have [i—sin()]/i~1,2.107 js g good limit for this
approximation. It is thus said that A’ is the image of A in the paraxial approximation and is
also called Gaussian approximation. In paraxial approximation, all diopters, therefore all
optical systems, are stigmatic.

3.3. Paraxial conjugate formula

Let zZ’ be the optical system axis and S the coordinates origin, we obtain :

SA=z

SA" =7

SC=R

Therefore :

CA=z-R

CA'=7 —-R

Once replaced by the following values and after simplification, the relationship becomes :

€))

n n n-n
— = — 4+
7z R

3.4. Stigmatic points

Any point on the diopter is the image of itself, this image conjugate is of course stigmatic.
Any luminous ray arising from the curvature center C is perpendicular to the diopter and is not
deviated. Therefore C is the image of itself and the image conjugate is stigmatic.

There is another diopter stigmatic conjugate for which the relationship (7) is rigorously
verified. These points which are situated on the same side as the diopter rigorously satisfy the
relationship : n’.IA" = n.IA

14
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The optical path (AA”), L=n AL+ 1 - TA is rigorously nil, this shows stigmatism. Figure 14 is
an example of this conjugate image type (= 1,8 et n’ =1). These particular points are
Young-Weierstrass' points, they are often used in microscopy.

For these points :

— R +n’)R
SA= = MFOR @ IOR

n n’

3.5. Focus, focal distance, refracting power
The image focus is the image of the point towards infinity on the axis :

1 'R
_:0:>Z':f': n
Z

n-n
F’ is the image focus,SF' = f"is the image focal distance of the diopter.
The object focus is such that its image is to infinity on the axis :

1 nR
—’:Oﬁzzf:—’
< n—n

F is the object focus SF = [ is the object focal distance of the diopter.

f and /' and the diopter refracting power C, are linked by the following relationship :
n n n-n

Cv = — = —— =
VA R

Conception & production : Le Mans Université 15
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3.6. Axial magnification gz

Axial magnification pertains to small object and image displacements dz and dz’.
Differential equation of the conjugation gives us :

n'd7  —ndz
ZIZ ZZ
Hence :
er n ZIZ
=—=—-2(10

8z is always positive, small displacements of the object and of the image are always in the
same direction.

3.7. Conjugate planes, focal planes

A set of object points situated on a sphere with centre C going through A have, as an image,
some points situated on a sphere of which the centre is C going through A’ with the axial
beam revolving around C. The spherical object surface has for an image a curved image
surface. The fact that the images are not formed on a plane is an aberration named “field
curvature”.

Following figure 16, if we displace an object point B situated outside the axis in the negative
direction following the line BC through to the plane perpendicular to the axis going through A,
its image B’ moves in the same direction since 8z is positive. This displacement increases the
curvature of the image plane, the image of a plane therefore is not a plane.

With respect to paraxial approximation, we will neglect these curvatures because the angles
are small as well as objects and images distances to the axis. The gap between the real
position of the image and the plane going through A’ if of second order relatively to the
distance to the axis. Generally, paraxial approximation only keeps the terms of the first order.

In Paraxial approximation the image of a plane, is a plane.

Any object point to infinity has an image in the image focal plane, plane perpendicular to the
axis going through F’.

Any point of the object focal plane, plane perpendicular to the axis going through F, has an
image to infinity.

16
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3.8. Image size, transversal magnification, angular
magnification

Let us consider an object AB situated at a distance z from the diopter, with a radius, R in a
plane perpendicular to the axis. Its image is A’B’ at a distance . Let Yy = ABand y’ = A’B’
In the paraxial approximation, as in figure 17 :
- A’B’is perpendicular to the axis
- 0 is the object field angle, 8 being small, tan(f) = 6 = y/z
« Similarly, \theta' is the image field angle and =y
« Refraction of the ray in § going from B is such that :nf = n’¢’
We deduct the dimension Y’ of the image :
, nz’
y =y -
n'z
And the transversal growth 8y :
oA =X
AB y nz

\ AN

a
04

For a given conjugation (AA’) we define an angular growth Ea between the angles relative

to the axis of the two conjugated rays going through A and A’.

Following figure 17, I is the intersection of the rays with the diopter and h = HI the distance
from I to the axis. In paraxial approximation, A is small, the diopter curvature is neglected and
H is supposedly confounded with S. We have :

a=——-¢ta =——
Z 7
We thus deduct :

’

(04 <
go=—==(12)
(04 <

In cases where the object AB is to infinity, its transversal dimension is given by its field angle
6. Following figure 18, A is on the axis, its image is F’, B/, the image of B, is in the image focal

plan at a distance Y’ from the axis in such a way that :
’ 4 / n 4
Y= 0= f0=—f0

17
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3.9. Paraxial invariants, Lagrange-Helmhotz invariants

According to the conjugation relationship :

n n n-n

7z R
We have the longitudinal invariant :
1 1 ! 1
Qz:”(,—g—g):”(,—g—;)
The transversal magnification relationship :
’ n ZI
Gy = )L’ = —, X —
y n z
Gives us the transversal invariant :
n nl ’
G =1 m
z z
Carrying out the product 8« , we get :
ya' n
8y 8a = ==
ya n
We deduct the Lagrange-Helmhotz invariant :
nya =n'y'a’ (13)

3.10. Diopters planes, parallel plates

They are characterised by 1/R = 0. The formulas become :

’ ’

—=—cectg, =1
z ao®

A dioptric plane is perfectly stigmatic for any object point to infinity.

Conception & production : Le Mans Université
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The parallel plate is composed of two distant dioptric planes of e, n is the medium index. An
object point A has, as an image, a point A’ situated on the perpendicular led from A to the
plates sides.

We show that :
S 1
AA =72 (14)

n
This is true for any point A in space, real or virtual. For a given object this displacement is
independent from the plate positionning.

3.11. Prisms

A prism of index n is composed of two dioptric planes forming an angle A. Following figure 20,
a luminous ray enters from side 1 under incidence i and comes out of side 2 under incidence /',
the corresponding refraction angles in the prism are r and r’, D is the deviation from the ray
provoqued by the prism. The angular sign convention is normal for side 1 and inversed for side
2.

We have the following form :

sin(i) = n.sin(r)

sin(i') = n.sin(r')

A=r+r
D=i+i-A
At the minimum of deviation: i = i' et r = r', we obtain a relationship between n, A and D,
allowing index measures of optical material :
_sin[(4+D)/2] 5
~ sin(4/2) (15)

Conception & production : Le Mans Université 19
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4. Mirrors

Mirrors of optical quality are generally made of a surface of plane polished glass, convex or
concave on which is disposed a reflecting coating.

A luminous ray reflecting itself on a mirror follows Descartes' second law :

If iy eand /, are the angles for the incident ray and for the reflected ray in relation to the
normal to the surface, we have :

=—i, (16)

)

4.1. Plane mirrors

Let an object point be A and its projection on the mirror H. Any ray out of A follows the law
(16). The prolongation of the reflected ray cuts the line AH at a point AH’. On figure 22 we
easily demonstrate that if the absolute values of 11 and 12 are equal, those of 13 and !4 also are
and HA = HA'.

Point A’ is the symetry of A in relation to the mirror.

This is true for all luminous rays issued of A, the image is stigmatic, figure 22 show a real
object and a virtual image. If we inverse the direction of the luminous rays, the object
becomes A’, virtual, and the image becomes A, real.

20
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The image of an object in volume by a plane mirror has identical dimentions to the object but
is not superimposable to it. It is said that it is a left handed image. A second image obtained
from the first by a second mirror becomes superimposable to the object, by translation or
rotation as in figure 23, it is said that it is a right handed image.

In such visual intruments as binoculars and spectacles, a paired number of reflexions ensures
a right handed image.

4.2. Translation and rotation of plane mirrors

A_t)ranslation of a plane mirror of perpendicular vector 3 yields an image translation of vector
2V.

A rotation of a plane mirror M1 with an angle 8 around any axis parrallel to M1 yields a mirror
plane M2 which cuts through M1 following a line D parrallel to the rotation axis.

The image of an object in M2 is obtained from the image in M1 by a rotation of axis D and
angle 26.

This is true for a luminous ray or for a rays beam.

21
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4.3. Spherical mirrors

A spherical mirror is a concave or convex reflecting surface defined by the centre of curvature
C and a vertex S located on the surface. The curvature ray is R = SC.

22
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Let us consider a point A of the line SC. A luminous ray arising from A reflects itself on a point
1 of the mirror et cuts its line SC in A’. If we carry out the same operation as for the diopters,
we have :

CA 1A
sin(i) ~ sin(w)
And
FA=z-f
Or sin(i) = — sin(i’) therefore :

CA TA-sin() 1A
CA” A’ -sin(’)  IA’

The expression below is analogeous to the diopters' by replacing n’ by —n. We therefore have,
as for the diopters, SA=z SA’=7 SC=R:

1 1 2
—+—-=—=(17
72 R( )
A'B" Y 7
§===2=-208)
" AB vy z
o’ z
a = — =7
a z
dz7 7?2
= =—-—— (19
gZ dZ Zz ( )

These formula are identical whether the mirror is concave or convex.
The conjugation formula is symetrical in z and Z’. If A’ is image of A, A is image of A’.
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4.4. Focus, focal distance, focal plane

Concave mirror case

Convex mirror
case

If th]? obj7§t is to infinity (1/Z=0), according to (17), the image, in F’, is such that
ZI — 4 — R )

Similarly for the object focus F, we have 1/Z =0 andz = f = R/2,
F and F’ are confounded and are at the centre of segment SC.

_p_% 44444 97~ _ 8T

The focal plane contains the images of the points to infinity.

An object to infinity is caracterised by a beam of parallel rays forming an angle 6 with the
optical axis. Following figure 27, the ray [ going through C reflects to itself, ray 2 going
through F reflects itself in parallel to the axis. Ray 3 going through § reflects itself symetrically
in relation to the axis.

The dimension y' of the image is : ' = —0- R/2

4.5. Image construction in a mirror

From point B of object AB, the ray going through C (Red) reflects to itself, the ray going
through F (Green) reflects itself in parallel to the axis, the ray parallel to the axis (Blue)
reflects itself by going through F and the ray going through S (Orange) reflects itself
symetrically in relation to the axis.

B' is at the intersection of emerging rays, A' is on the projection of B' on the axis.

24
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5. Centered optical systems

A centered optical system is compsed of a succession of diopters or mirrors. It has a symetrical
axis of revolution. We have seen that generally stigmatism does not exist. Paraxial
approximation helps to disregard stigmatic imperfections and to suppose that these systems
are perfect. This is essential in order to calculate the position of the images.

Moreover, optical systems are generally spared from stigmatisms leading to approximate
stigmatism The position of the images are thus that of paraxial imagery, even if incidence
angles on optical surfaces are well above paraxial approximation.

In fact stigmatism implies that all luminous rays converge to the same point.

Par-axial image

-
-
-
-
-
-
-
-
-

_________________ : A
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Paraxial stigmatism presents a convergence position which then becomes that of the totality of
luminous rays emerging from the system. Following figure 30, a marginal ray must converge
on the paraxial image so that stigmatism is ensured.

Moreover, aberrations correction yields an absence of field curvature and a constant
magnification, which is also one of the caracteristics of paraxial conjugations.

Any centered optical system free from aberrations has an imagery perfectly
determined by paraxial imagery.

5.1. Lagrange-Helmoltz extended invariant

An optical system is composed of several diopters D1,D2,D3 .
Following (13) we have, for each diopter : 1Y1@1 = N2y2@2 = N3y3Q3...

Consequently, for any optical system §, for any object AB of dimension Y having for image in
SA’B’ of dimension )”, and a luminous ray going from A forming and angle @ with the axis,
arriving as A’ under the anglea’, we have :

nya = n'y'a’ (20)

5.2. Focus and principal planes of focal optical systems (with
focus)

By definition, the image focus F’ of an optical system is the image of the infinite point on the
axis. The beam issued out of this point is made of parallel rays to the axis.

These rays focalise in F’ after crossing the system. The location of the intersection points of
each incident ray with its corresponding image ray is, in paraxial approximation, a plane which
shall be called image principal plane of the optical system.

This plane cuts the axis in H’, ' =H'F' s the focal image of the optical system. Distance . H’
is the image principal point. We proceed in the same way as for the object focus F', the object

principal plane, the object focal distance f = HF

26
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Image focus

Main image
plan

Plan
' principal
, objet

Following figure 35, any luminous ray issued from F cust the object principal plane in I and
comes out parallel to the axis, it cuts the image principal plane in I’. An incident ray parallel to
the axis groing through I, also goes through I’ the converges in F’. These two rays cross each
other in I in the object space then in I’ in the image space I and I’ are therefore conjugated.

The principal planes are conjugated with an associated transversal magnification

equal to 1.
F, F’, H et H' are the cardinal points of the optical system.

27
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5.3. The construction of images

Let us consider an optical system, its focus F' and F’, its principal points H abd H’, its principal
planes P and P’, an object AB of dimension Y. So as to build the image B’ from B, let us run
from B two luminous rays.

Ray 1 (Red) : Parallel to the axis, cuts P in I. The image ray goes through I’ (image of I) and
F’ (Incident parallel to the axis), we have :

HI=H1I =y

Ray 2 (Blue) : Goes through F, cuts P in J. The image ray goes through J’ (image of J) and
comes out parallel to the axis (Issued of F'), we have :

HI=HJ =y
P P’
B Rl S o
'.' A “ o
y wo ¥ ,
. I H A
A F ' H H s F
\ '.' y
'l
S
B!

These rays intersect in B’, image of B. Paraxial stigmatism causes that any other ray issued
from B crossing the optical system goes through B’.

B’ is perfectly defined by the position of the object B and the position of the 4 points (
H,H',F, F"),

The optical system is perfectly defined by the cardinal points (1, H', F, F').

Point A’, image of A, is on the projection, of B’ on the axis.

5.4. Conjugate equation at focus

On the previous figure, triangles (FAB) and (FHJ) as well as (F'H'I’) and (F'A’B’) are
similar, we can therefore write, knowing that 7/ =Y and H'I' =y :
y FH A

y FA FH
From there we can deduct a conjugate relationship, said to be Newton's :

FA-F'A" = f-f (21)

5.5. Refracting power, relationship between f and f'

The optical system is defined by (f, H', F, F).

28
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Let us consider an object point B situated on the object focal plane. Its image B’ is to infinity.
Foloowing figure 37, the ray BI parallel to the axis (red) has for an image I'’F’ forming the
angle 6’ with the axis as all emerging rays since image B’ is to infinity.

Ray BH (blue) has for image a ray issued from H’ (image of H) and forming an anglef’. The
relationship (20) applied to the conjugation (HH’) gives us: nf=n'¢ or 0 =Y/f and

¢ = =y/f’ From this we deduct Cv being the system refracting power :
n n

Cv=—=-—=(22)
VA

5.6. Descartes' conjugate equation, magnification

Principal points H and H’ are taken to have for origin :
HA =z

And

HA =7

So that

FA=z-f

And

FA =7 —f

Replacing in (21), the conjugate equation becomes :

’ ’

A L XYV %))
7z f oz

Following figure 38, the ray (green) issued from B and going through H forms an angle with
the axis. As previsczusly,sh,own, its image going from H’ forms an angle®’ such that nf = n’¢’.
Since @ =Y/zand? =Y'/z , we deduct from it the transversal magnification 8y :

A'B Yy nZ
G =—===—(24)
AB y nz

29
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With (22) and (23) :
f 4
gy =——=1-=(5)
Y-z f
To one sole value of z (or of Z’) corresponds only one value of 8 and conversely. These
formula are identical to that of diopters'. For one diopter, the principal planes are confounded
and situated on the dioopter surface.

The same kind of reasonning leads to an angular magnification 8e:

’

£ -2 6
24
And to an axial magnification &z :
er n ZIZ
= =—.-—= (27
dz n 22 7

8o =

8z

5.7. Nodal points, antiprincipal points

Nodal points N and N’ are conjugate points so that 8« = 1 , we thus deduct :
HN =H'N"=f+ f’
Antiprincipal points K and K’ are the same as 8y = _1, according to (25) we thus deduct :

HK =2f
And
H'K =2f

5.8. Image dimension of an object non punctual to infinity

An object AB of dimension 6 o infinity has an image FB’ in the image focal plane of which the
dimension is :

Y ==f-6(28)
As for nf = n’6’ we also have : Y = f'0 =nf'6/n’

5.9. Optical systems refractive in the air

They represent the majority of existing optical systems (lenses, camera lenses, eye-pieces...)
Intheair,n=n"=1
* Refracting power :
Cv=1/f =-1/fetf =—-f(29)
 Newton's conjugate equation :
FA-F'A" = —f" (30)

30
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e Descartes' conjugate equation :

1 1 1
—=—-—+—(31
Z =7 f'( )
e Magnification :
’ 7?2
_z _z 5,z
S gz—gy—z—2(32)

N and N’ are respectiively confounded with H and H'-N.

6. Association of systems

6.1. Association of two optical systems

Let an optical system S be made of two sub systems SI(F\F{H HY) and S2(F2F HyH)) ith 2
focal distanceff et/a. Let us look for the optical properties of S.

The entrance index is n, the intermediate index N, the exist index n’.

An object to infinity AB with angular dimension 6 yields, in the image focal plane FiB) of 81
, an image with a dimension yp==fi-6 following (28). The sy§tem S2 renders a definitive
image F’B’ in the image focal plane of S of which the dimension Y can be expressed by :

The magnification 82 of the conjugation Fi—F,

y’ :y’l 82 = _fl ‘O’gyZ

The relationship (28) applied to S,f being the object focal distance of S :
y=-f-0

We deduct the object focal distance of S :

f=r5-g2@33)

Gullstrand's  formula give a simple relationship beween the convergences

Cv,Cvi,CvydeS, S 1,2, distance H1H2 = € 3nd the intermediate index N :
Cv=Cvi+Cvy—e-Cvi-Cvy/N (34)

7. Lenses

They are made of transparent medium of index n between two diopters of radius R; et R,. The
lens axis goes through the curvature centres of the sides. This axis cuts the diopters at their
vertex S; and S,. e = S;S; is the thicken at the vertex of the lens.

31
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Diopters refracting power vare respectively :

Cvi = (n-1)/R; et Cv, = (1-n)/R;

The lens is in the air, following (29) the lens refracting power Cv is :

Cv=1/f"=-1/f.

for certain types of lenses (ophthalmic lenses), Cv is expressed in dioptrie rated 6 (1.0 = 1.m"
).

Gullstrand's formula gives the refracting power Cv of a lens as the associaiton of two diopters.
We get :

2
1 1 1 e.(n—1
=Cv= ) 69
1 2 1142
Convergent lenses Divergent lenses
i Convergent ] Divergent
Bi-convex meniscus Bi-concave meniscus
Convex plan Concave plan

Convergent lenses are thicker at their centre than on their sides, inversely divergent lenses are
thicker on their sides.

7.1. Thin lenses
e-(n—1)?

A lens is considered thin if e is small in comparison to R1 and Rz. The term R\R, is
négligeable and the focal distance f"is such that :

1 1 1
7= 0= D (= 2 (6

32
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Specific caracteristics of thin lenses :

Rayon issu de B (Rayon objet) |Rayon réfracté allant en B’ (Rayon image) |Couleur
Paralléle a I'axe Passe par F’ Rouge
Passe par F Paralléle a I'axe Bleu
Passe par S N'est pas dévié Vert

Real object and real image Real object and virtual image

Real object and virtual image Virtual object and real image

B B’

7.2. The simulation of a complex optical system with a thin lens

The example in figure 45 shows an objective lens for 7 lens field of view, with focus positions
and principal planes positions.

f -
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H,H',F and F’ suffice to perfectly define the system in the paraxial approximation.

—
The translation of the entire image space by vector H'H which do not modify the conjugate
formulae in relation to H and H’, as well as magnification, this complex objective can be
perfectly simulated with a thin lens situated on H and H’ and with the same focal distance.

Most complex optical systems in the air, made of thick lenses or of multi-lens optical sub sets
can be studied in this way by replacing these elements with thin lenses.

7.3. Association of thin lenses

Each lens i is caracterised by its location and its convergence Cvi=1/f]

To determine convergence Cv =1/f" of the association of two lenses we apply Gullstrand's
formula (34) with N =1:

«  The case of two lenses at distance e : Cv = Cv; + Cvy—e - Cvy - Cv; being :
1 1 1 e

IR AR

We thus deduct :

P
fi+f—e

«  The case of two joined lenses(Cvi et Cv2) : e = 0 hence Cv = Cv; + Cv,

(37)

8. Afocal systems, magnification

8.1. Afocal systems, magnification

In formula (37), we notice that in cases where distance e between two lenses is equal to

H+h.r is infinite, Cv is null. The point at infinity is the image to itself. The system has no
focus. The image focus of the first lens is confounded with the object focus of the second.

In the case of a complex system S in the air composed of two sub systems, as soon as the
image focus of the first is confounded with the object focus of the second, the system is afocal.

Such is the case for visual observation systems as glasses, binoculars, telescopes.

L.

L4

The above figure shows such a system, composed of two sub systems which are assimilated to
thin lenses L1 and L2. Object B is to infinity in the direction 6. The main properties found in
these afocal systems are :

«  Fi confounded with F>
e The object point at infinity is the image to itself.
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= ’
e Transversal magnification is constant : y 1

(4 /i
G = 80 = 6 = ——1’
¢ Angular magnificationG is constant : 2

An astronomical telescope is an afocal instrument composed of a head system called the
objective which gives an intermediate image. This image is observed with an ocular which,

from the intermediate image, gives an image situated at infinity observable by the eye. The
magnification is negative, images are inverted.

Objectif

i —
The terrestrial visual afocal instruments (glasses, binoculars) have a reversing device,
generally with prisms, between the lens and the ocular, which gives a positive enlarging.

In a binoculars body, a set of two Porro's prisms enables a 180° rotation of the image around
the optical axis and thereby straightens the images.

Lunette G = -8 Oculaire

Ocular

Porro Prism

Galilee's binoculars: It is characterized by a second divergent system, the magnification is

then positive, the images are straight but the field is much reduced. We use them with weak
magnification such as theatre binoculars.
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8.2. Focal visual optical systems magnification (magnifying
glass, oculars, microscopes...)

These optical systems are used to allow an observer to obtain, a long distance image from an
finite distance object, visible with eye without any accommodation.

VT\B’M\Z>
«+——250 mm———»-

If we admit that we assimilate such a system to a thin lens L, figure 50 represents an object
FB of din;lension y in th/e focal object image of L. The image B’ of B is at the infinity in the
direction? =y/f =-y/f".

The Gc magnification said « commercial » of these systems is the ratio between ¢’ and 96,
angle under which we directly see the same object with the eye at a distance of 250mm, thus:

e 250
Gc = —, Gc = —’,f’
0 we can deduce A in mm

A x5 magnifying glass has a 50mm focal distance. An x20 ocular has a 12, 5mm focal distance.

9. Diaphragms, lenses and fields

An optical system is transversely restricted geometrically by the frames of the lenses or mirros
and other various mechanical diaphragms.
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For a given combination, the pupil is the diaphragm which limits the luminous beam coming
from the object. This diaphragm is generally put inside the optical system. We define the exit
pupil of the system by the image of this diaphragm through the lenses (or mirrors) which
follow it. It is also the image of the entrance pupil through the lenses (or mirrors) which
precedes it.

The exit pupil is the image if the entrance pupil in the optical system. The field object is the
maximum lateral dimension of the object.

When the object is infinite, the object field expresses in an angular way. The field is usually
restricted by a special diaphragm called: “field diaphragm”.

The full light field object is defined by the set of points of the objects for whose the luminous
beam crossing the system are restricted only by the opening diaphragm, D.O. It provides a
quasi uniform lightning to the full light field. Beyond the full light field, the diaphgragmations
provoked by the frames of the lenses extensively reduce the lightning of the image. This
reduction of the lightning at the field edge is called vigneting.

9.1. Examples

Exemple : 1 :

We take into account a 6 lenses shooting objective, the object is at the infinity. An iris put in
the middle of the objective is used as an opening diaphragm for the system. The entrance and
exit pupils are virtual.

The full light field points are lighted up by the D.O. Figure 52 shows the edge of the full light
field image, for a point beyond, the beam of light will be limited, in part, by the frames of
lenses.

Exit pupil
-~ Entrance pupil

Infinite
object

Field of full light image

Entrance diaphragm
(Mecanical diaphragm)

Exemple : 2 :

Refracting telescope: the object is at the infinity; the objective of the refracting telescope
makes the beams limitation, it is D.O and entrance pupil, its image by the ocular is the exit
pupil which is the place where the eye pupil of the observer has to set itself.
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The entrance and exit pupils are real. A diaphragm situated in the focal plan of the ocular
executes the field limitation. The image full light field is infinite; it is confounded with the
infinite image of the ocular diaphragm of the ocular field.

OB FOg Lucarne d'entrée

De I'oculaire

U T
Ocular

Lense

Exit pupil

Second diaphragm : Combined object or image of the field diaphragm

In an optical system with two dominant diaphragms (we do suppose that other
diaphragmations do not play a part), we calculate the full light field in the following way :

- Diaphragms are brought back to the same space, for instance image space.

e The pupil is the object conjugate or D.O. image seen under the smallest angle from the
centre of the image fiel (point A).

e The secondary stop is the object or image conjugate of the field diaphragm.

e The side of the full light field (point B) can be obtained by seeking the intersection with
the image field - the closest to the centre of the field - of the ray which joins the side of
the pupil and the side of the secondary stop (in the same space : object, image or
intermediate).

For a point outside the full light field (point C for instance), rays issued out of the pupil
converging in C are partly obstructed by the secondary stop, diaphragmation is said to be
"cat"s eyed".

Pupil

Plan image Cat's eye

Lucarne de sortie C
N\\S

Exit pupil

Lucarne

Pupille et
lucarne
vues depuis
B - o . les points

du champ
Full light field /
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III.Case study : Calculating the optical
characteristics of a two-lens system

An optical system is made of a first convergent optical system equivalent to a convergent thin
lens L; with focal distance f';=—40mm , and a diameter of 40 mm and a second optical
system equivalent to a divergent thin lens L, with focal distance f ',=—30mm and a diameter
of 30 mm. Lenses L, et L, are distant by 20 mm.

S,F',=f',=—40mm and S,F,=f",=—30mm .

1. Determining the position of image focus F' of S

F’ is the image in the system of the point at infinity on the axis.
The object being infinite on the axis, L1 gives it an image in its image focus £
of Fi , L2 gives a definitive image which is the image focus F’ de S.

F’ is the conjugate of Flin lens Lo.
1 1 1

— = — 4+ —
To determine the position of F’ let us apply the conjugate formula (31) & 2 I

Lo L L L L 5F-
= —_ = — - — = — = mm
S;F S,F f3 200 30 60 ?

For the conjugation being considered :

2. Determining the position of H’
We know that /= H'F’ | " enables us to calculate the position of H'.
Calculating I

Méthode : Method 1

The magnification of conjugaison Fi=FinLis/z=3
The formula (33) gives us J = 3/1 and therefore J7=3f = 120mm
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Méthode : Method 2
1/f =Cv= l/fl’ + 1/f2' —SlSz/fl’/fz’ =1/40-1/30+20/(20%30) = 1/120

3. Determining the position of object focus F of S

We calculate in the same way by inverse return of light, F is the image of £2 in L1 by inverse
return, or F2 the image of F by direct trajectory, the equation is written in this way :

—1 1 + : = : ! ! ! ! | = S, F = -200
==t = = % S TR T oA = TaAA = —200mm
S\F, SiF ff S\ F SiF2 ff 50 40 200 !

H is such that FH = —f = f" = 120mm
Figure EC 2 shows the system diagram and the cardinal points.

4
- f=-120 =120 >

4. Calculating the full light field

Figure EC2 shows that L1 is pupil and L2 secondary stop because the farthest ray for one
point on the axis goes through the side of Li. EC3 shows a ray beam arising from the edge of
the full light field.

The farthest ray beam goes through the pupil side and the edge of the secondary stop. It
cuts the intermediate field situated in the focal plane of Li to 10mm from the axis.

The magnification of the conjugation Fi—F of L2 being 3, the full light field edge is at 30mm
from the axis. Therefore the total dimension of the full light field is 60mm.

40
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Edge of
the D.O
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Edge of the field
diaphragm

Full light field edge

30.00
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IV.Exercices

1. Exercice 1

A telescope has a concave mirror with a curvature radius of 2000mm.

Question 1

[Solution n°1 p 43]
To which distance from the vertex of the mirror is situated the image of a star ?

Question 2

[Solution n°2 p 43]
What is the dimension of the moon of which the visible diameter is 30 arc minutes ?

2. Exercice 2

We use a magnifying glass which commercial magnification Gc is equal to 5 to produce an
enlarged image of a luminous object on a screen. The magnifying glass is assimilated to a thin
lens. The distance of the object on the screen is 360 mm.

p
G=C = p=4-G
4= ‘

C

And

Question

[Solution n°3 p 43]

What is the distance of the image to the lens ? What is the image magnification ? What is the
direction of the image in relation to the object ?

3. Exercice 3

A Huygens ocular has two lenses L1 (objective) and L2 (ocular) supposed thin with focal

distances respectively of J'1=30mm and /"2 = 10mm_The distance between the two lenses is
S1S2 = 20mm

Question

[Solution n°4 p 43]
Determine the ocular focal distance and place the cardinal points.
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Solution des exercices

>Solution n°1 (exercice p. 42)

The mirror has a ray curvature of 2000mm its focal distance J~ is 1000mm. The image of a star
is at 1000mm from the vertex of the mirror.

>Solution n°2 (exercice p. 42)

The moon has a visible diameter of 30 arc minutes, such that :

30xm
= ————RAD = 8.7.10°RAD
180 x 60
The image dimension in the focal plane is :

y =f-6=28.7.10"%x 1000 = 8.7mm

>Solution n°3 (exercice p. 42)

A magnifying glass of commercial magnification 5 has a focal distance J~ of 250/5 = 50mm_ The
lens is convergent. The object and the image are real and from each side of the lens. z (object)
is negative and Z' (image) positive. We can write the two equation system with two unknown
quantities :

Conjugate relationship :

1_1+ 1
7z oz f
7 —z=7360

After simplification, we obtain the second degree equation in z’ :

22 = 3607 + 18000 = 0

Roots are 30 and 300.

For 2 =60, z = =300 and 8 = Z'/2 = —1/5 the image is smaller.

For 2 =300,z = 60 and 8 = —5 The image is greater. This is the solution.

Negative magnification means that the image is inversed in relation to the object.

>Solution n°4 (exercice p. 42)

Ocular focal distance is given by Gullstrand's formula (34) :
1 1 1 e 1 1 20 1

—_= — 4+ — - = — 4+ — — = —

o0 s - 300 100 30«10 15

f' = 15mm

The ocular image focus (from the eye) is the image focus F’1 of lens L1 in L2. The conjugation

equation :
1 1 1

—_= - 4 —
7z f
Is written :

1 1 1 1

e 10 10 5
F’ is 5Smm away from L2

H’ position :

H' is in the middle of segment $152
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Exercices

By inverse return of light, we get :
S1F =15mm and S | H = 30mm
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