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 II.Lesson
   
   
   
   

  

In previous chapters, S. Coëtrnellec developed the properties of fractional Fourier transforms
[1 [[01]],2 [[02]],3 [[03]],4 [[04]]], the techniques to implement them digitally, and their
applications in digital holography. The hologram of an object is obtained from the diffraction
figure  given  by  the  object  when  lit  by  coherent  waves.  Holograms  can  be  digitally
reconstructed through fractional Fourier transforms since fractional Fourier transforms act as a
“refocalisation” on the object, which allows us to find out its shape precisely. The property is
based on the fact that fractional Fourier transforms can be considered as Fresnel integrals
which  accurately  describe  the  propagation  of  light  waves  during  a  diffraction  process  [5
[[05]]]. The isomorphism between space optics and time optics is well known. Therefore, the
same equation describes either the diffraction of waves in free space (space process), or the
propagation of light pulses in a linear dispersive field (time process). You only have to replace
the diffraction term by a dispersion term and the transverse space coordinate by time. If
fractional  Fourier  transforms  are  a  way  to  analyze  diffraction  figures,  they  can  similarly
describe chromatic dispersion phenomena [6 [[06]]]. More especially, they should also be a
way  to  describe  dispersion-induced  phenomena,  namely  the  apparition  of  frequency  drifts
within  light  pulses.  Thus,  we  broach  a  field  very  different  from  digital  holography:  the
characterization of ultrashort pulses [7 [[07]]].
The chapter aims at showing the potential use of fractional Fourier transforms to describe the
propagation of light pulses in dispersive fields (The propagation of light waves in dispersive
fields  and  fractional  Fourier  transforms)  and  characterize  ultra-short  light  pulses
(Characterization of ultrashort light pulses by fractional Fourier analyses).
   
   

 1. The propagation of light waves in dispersive fields 
and fractional Fourier transforms

 1.1. Fractional Fourier transforms
 as  a  function  depending on  time  ,  the  fractional  Fourier  transform

 will be defined as follows [2 [[02]]]:

where:
   

C (a )=
exp(−i(π /4 sign(sin(a π /2)))−a π /4)

|ε 2 sin(aπ /2)|1/2
   

 

 
   

Remarque
Fractional Fourier transforms are an operation with linear frequency drift functions.
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 1.2. The propagation equation of light pulses in a linear 
dispersive field

When dispersion prevails (no significant non-linear effects), the propagation of light waves in a
linear dispersive field (for example an optical fiber or a glass) is described by the following
propagation equation [8 [[08]]]:
   

i ∂U
∂ z

=1
2
β 2

∂2 U
∂T 2

   

 

 
   

 is the normalized amplitude.
   

U (z ,T )= 1
√PO

e
α z
2 A(z ,T )

   

 

 
   

where  the peak power of
the pulse,   the linear absorption coefficient in the dispersive field, and   the dispersion
parameter which is expressed in   is expressed in the reference table whose

, where   is the real

Remarque
This equation can for instance describe the propagation of light pulses whose peak power
remains mild in optical fibers.

 1.3. Resolution using fractional Fourier transforms

The standard Fourier transform of  . Generally speaking, this is the
order 1 fractional Fourier transform of . So, we can write:

The propagation equation:
   

i ∂U
∂ z

=1
2
β 2

∂2 U
∂T 2

   

 

 
   

becomes in the standard Fourier field:
   

i
∂~U ( z ,T a)

∂ z
=(i 2π

T a

ε 2 )
2 1

2
β 2

~U (z ,T a)

   

 

 
   

whose solution is given by:

 is the standard Fourier transform of the field amplitude at the entrance of the
dispersive field ( ), ), given by: .

, we obtain the general solution:
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which can also be written as:
   

U (z ,T )=C (−π /2)∫−∞

+∞ ~U (0 , T a)exp(i 2π 2 β 2 z
ε 4 T a

2)exp( i 2π TT a

ε 2 )dT a

   

 

 
   

We define:
   

1
tan(aπ /2)

=2π
β 2 z
ε 2

   

 

 
   

 by:
   

s
sin (a π /2)

= T
sin(−π /2)

   

 

 
   

The previous equation thus becomes:
   

Û (z , s)=C (−π /2)∫−∞

+∞ ~U (0 ,T a)exp(i π
ε 2 tan(aπ /2)

T a
2)exp(−i

2π sT a

ε 2 sin(a π /2))dT a

   

 

 
   

where
   

Û (z , s)=U (z , s sin (−π /2)
sin(aπ /2) )

   

 

 
   

Therefore, a fractional Fourier transform appears and, using the composition law of fractional
Fourier transforms, we directly obtain:
   

Û (z , s)=C (−π /2)
C (aπ /2)

exp(i π
ε 2 tan (a π /2)

s2)F a+1[U (0 ,T )](s)

   

 

 
   

Attention
In short, the pulse amplitude can be determined at any time using the fractional
Fourier transform of the incident pulse [9 [[09]]]. The required fractional order is
directly connected to the distance covered in the dispersive field, i.e.  with:
   

a= 2
π atan( ε 2

2π β 2 z )
   

 

 
   

 1.4. Example
For example, let us consider a time Gaussian pulse. The amplitude of its electric field can be
written:
   

U (0 ,T )=exp(− T 2

2 T 0
2)exp(−iCT 2

2 T 0
2 )
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 is the pulse duration in  . Parameter   controls the initial frequency drift of the
pulse. Figure 1 shows the order of the transformation required based on the distance covered
in the dispersive field. We can note that the line is a monotonous function: so there is no
ambiguity regarding the distance covered as far as the order of the applied transformation is
concerned.
   

Fig.1 - Fractional order according to the distance covered
   

Figure 2 then shows the shape of the pulse at the entrance of the dispersive field and then
after a distance in the field  which satisfies:  or  (respectively lines ii et iii). Distance

 is the dispersion length defined by . These lines were traced using fractional
 and

 are respectively   and  . In this case, the duration of the incident
pulse is , and the incident pulse does not have the requisite initial frequency drift:

. A gradual widening of the pulse can be noted and the results are in perfect agreement
with the standard methods of calculation.

Remarque
We can note that, for a Gaussian pulse, the amplitude is expressed under an analytical form in
this particular case, which facilitates the comparison with the results obtained by fractional
Fourier transforms and presented here.
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Fig. 2 Widening of a light pulse under the dispersion effect
   

We will now consider a pulse having an initial frequency drift . It is well known in this
case that dispersion leads to a pulse compression in the first part of the dispersive field and to

field)  according  to  the  fractional  order  applied.  Compression  is  optimal  for  an  order  
rigorously given by the relation:
   

βopt=− 2
π arccot [ 2πC

1+C2
T 0

2

ϵ2 ]

   

 

 
   

where  is the inverse function of the cotangent function. In the present case, we obtain
 which corresponds to a propagation in the dispersive field (optical fibers) over a

. Once again, this relation is in agreement with standard
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Fig. 3 - Compression of an initially chirp signal
   

 1.5. Propagation of partially coherent beams in a linear 
dispersive field

We will see in this part that the formalism of fractional Fourier transforms also applies very
well to describe the propagation of partially coherent beams in a dispersive field. Such beams
are described with statistical tools, in particular by their correlation function of second order

 defined by:
   

Γ (z1 , z 2 , T 1 , T 2)=⟨U *(z 1 ,T 1)U ( z2 ,T 2)⟩
   

 

 
   

where  represents the amplitude of the electrical field in  at time  the conjugated
 the means over the different representations of the field.

From the propagation equation in a dispersive field:
   

i ∂U
∂ z

=1
2
β 2

∂2 U
∂T 2

   

 

 
   

we show that the propagation of the correlation function follows the two following equations:
   

−i ∂ Γ
∂ z1

( z1 , z2 ,T 1 ,T 2)=
1
2
β 2

∂2 Γ
∂T 1

2 (z 1 , z2 ,T 1 ,T 2)
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i ∂Γ
∂ z2

(z1 , z 2 , T 1 , T 2)=
1
2
β 2

∂2Γ
∂T 2

2 ( z1 , z2 ,T 1 , T 2)

   

 

 
   

We can note:
   

1
tan(a1π /2)

=−2π
β 2 z1

ε 2

   

 

 
   

and
   

1
tan(a2π /2)

=2π
β 2 z 2

ε 2

   

 

 
   

We also define two new variables  by the following scale transformations:
   

s1=T 1
sin(a1π /2)
sin (−π /2)
   

 

 
   

and
   

s2=T 2
sin (a2π /2)
sin(−π /2)
   

 

 
   

then the standardized function:
   

Γ̂ (z1 , z 2 , s1 , s2)=Γ (z1 , z2 , s1
sin (−π /2)
sin (a1π /2)

, s2
sin(−π /2)
sin(a2π /2))

   

 

 
   

So, we can write:

Attention
The correlation function can be determined by a simple two-dimensional fractional
Fourier transform whose orders are simply connected to the distance covered in the
dispersive field [10 [[10]]].

Exemple
We  can  consider  the  partially  coherent  pulses  described  by  a  Gauss-Schell  model.  The
correlation function of second order at the entrance of the dispersive field can be written as:
   

Γ (0 ,0 ,T 1 ,T 2)=G 0 exp(−(T 1
2+T 2

2)/2τ 2)∗exp (−(T 1−T 2)
2/4τ c

2)
   

 

 
   

 represents the "correlation length"
within a pulse. We will take here   and  . Figure 4 shows   in the
plane . Figure 5 represents  in the same plane after a propagation  such
that . This figure shows a widening of both pulse durations and correlation lengths.
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In this case, it has been drawn from a fractional formalism. It is in perfect agreement with
standard calculation [10 [[10]]].
   

Fig. 4 - Correlation function of order 2
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Fig. 5 - Correlation function of order 2 after propagation
   

 2. Characterization of ultrashort light pulses by 
fractional Fourier analyses

   
   

  

Since the 1980s, the use of femtosecond lasers has become widespread in fields as diverse as
physics,  chemistry,  or  biology.  Such lasers  are indeed excellent  tools  to conduct  dynamic
studies with extremely short time scales, but also to generate non-linear effects which are very
significant because of the daunting peak power of the emitted pulses. Ultrashort light pulses
will inevitably present a broad spectrum: the broader the spectrum the shorter the pulse. As a
consequence,  the  propagation  of  femtosecond  pulses  in  a  field  can  give  rise  to  complex
phenomena, as each spectral component is not affected in the same way by propagation. For
example, the properties of prisms are well-known: they disperse the spectral components of
polychromatic light. They also disperse the different spectral components of ultrashort pulses,
impacting their propagation very significantly. This is only one of the many possible effects, as
the interaction with the field can give rise to a multitude of phenomena.
The characterization  of  light  pulses  partly  consists  in  finding  the  frequency  drift  of  these
pulses. Since the 1990s, it has become a major field to master the creation of ultrashort pulses
and understand their propagation and interaction with the fields they go through [7 [[07]], 11
[[11]], 12 [[12]], 13 [[13]], 14 [[14]]].
We have just observed that the formalism of fractional Fourier transforms is perfectly adapted
to describe the propagation of light pulses in dispersive fields. One of the main consequences
of dispersion on pulses is the appearance of frequency drifts (linear if the dispersion is in ).
Therefore, it is obvious that the analysis of fractional Fourier transforms is well-adapted to
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characterize  the  frequency  drifts  of  ultrashort  pulses  and  more  generally  characterize
ultrashort pulses.
In a more mathematical way, the Fourier transform of a monochromatic signal is a Dirac delta.
Accordingly, Fourier analyses are a perfect way to understand the spectrum of any signal.
Besides, the fractional Fourier transform of signals with a linear frequency drift is a Dirac delta
if the fractional order of the transform is good. Therefore, this is the appropriate way to study
signals with a linear frequency drift. We will also prove that it can characterize higher order
drifts.
First of all, we will show the potential use of these methods on simple signals [15 [[15]], 16
[[16]]]. We will then show how to apply these tools to real measures found with experimental
techniques to characterize ultrashort pulses [17 [[17]]].
   
   

 2.1. Characterization of simple signals
We consider a Gaussian pulse with an amplitude:
   

U (0 ,T )=exp(− T 2

2 T 0
2)

   

 

 
   

After propagation over a distance  in a linear dispersive field (characterized by a coefficient 
), the amplitude of the electrical field of the pulse is written:

in other words:

, .
We will characterize the amplitude of the latter through fractional Fourier transforms. The a
order fractional Fourier transform of this amplitude is written:

If we have:
   

L2

2T 0
2−

π
ε 2 tan(aπ /2)

=0

(1)
   

 

 
   

so

where   is Dirac distribution. In other words, there is a special fractional order where the
frequency drift turned into a Dirac delta. Conversely, once this fractional order is found, the
frequency drift can be deducted thanks to relation (1).
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Méthode
However, it should be noted that a complex fractional order must be considered. With a real
fractional order, a linear frequency drift can also be seen as in figure 6. If an a order fractional
Fourier transform is applied to the signal and if  we make the order a vary, we can trace

 following a. Figure 6 thus represents  following a
.

Complément
A peak can be easily identified for an optimal fractional order. Once this fractional order is

found, the frequency drift in the pulse can be inferred through relation 
[15 [[15]]].
   

Fig. 6 - Identification of a linear frequency drift
   

 2.2. Characterization of two pulses superimposed in time but 
having different linear frequency drifts

We now consider a signal which consists of two Gaussian functions superimposed in time but
having different linear frequency drifts. If an a order fractional Fourier transform is applied to
such a signal and if  we make a vary, we can trace  . The
results  can  be  found  in  figure  7.  Two optimal  fractional  orders  clearly  appear  which  are
characteristic  of  the two frequency drifts in the pulse.  Both can be accurately determined
through relation (1) [15 [[15]]].
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Fig. 7 - Separation and identification of two linear frequency drifts using fractional Fourier
transforms

   

 2.3. Decomposition techniques through fractional Fourier 
series

The decomposition of a signal in Fourier series is a well-known technique. In a rather similar
way, decomposition techniques using fractional Fourier series can be developed [18 [[18]]].

Fondamental
For an a order fractional basis, the following basic functions are defined:

 is  the  Dirac  distribution,   the  central  “frequency”  and   the
decomposition orders. Thus, these basic functions are given by:
   

Θn ,a(T )=
C (−a)
|C (a)|

√∆T
∆T

exp(−i π
ε 2 tan(aπ /2)(T 2+(nε 2sin (a π /2)

∆T )
2)+i 2π nT

∆T )
   

 

 
   

 is  a  linear  frequency  drift  function  called  “mother”  function;  the  other
functions are expansions of this “mother” function.
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If  we  now  consider  the  aperiodic  function   on  the  interval  ,  it  can  be
decomposed using previous functions:
   

U (T )= ∑
n=−∞

+∞

CU (n , a )Θn ,a (T )

   

 

 
   

where the decomposition coefficients are given by:
   

CU (n ,a)=∫−∆T /2

∆T /2
U (T )Θ̄n , a(T )dT

   

 

 
   

accurate way. If we take the pulse signal:
   

U (T )=exp(− T 2

2 T 0
2)exp(−iL0

T 2

2 T 0
2)

   

 

 
   

where   a  parameter  of  linear
 in the

plane  .  The favorite fractional  order   is  particularly  significant.  This  is  the
optimal order which verifies:
   

tan (aopt π /2)= π
L0

T 0
2

ε 2

   

 

 
   
   

Fig. 8 : Decomposition coefficients in fractional Fourier series in the plane (n, a)
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simulation.  Figure  9  represents   in  more  details  following  the  decomposition
coefficient .

[[16]]].
   

Fig. 9 : Decomposition coefficients in fractional Fourier series according to n for a = aopt
   

Finally, when the coefficients  are set , it is possible to rebuild the initial function, as
shown in figure 10. It should be noted that, in this case, the reconstruction is very accurate.
The real  and imaginary  parts  of  the  original  and reconstructed functions  are  merged [16
[[16]]].
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Fig. 10 : Original and reconstructed signals
   

 2.4. An experimental example: analysis of SPIRIT signals
In  this  last  part,  we  will  apply  these  different  methods  to  an  experimental  signal  to
characterize ultrashort pulses.
The SPIRIT (Spectral Interferometry Resolved In Time) method developed in XLIM consists in
creating 2 time-delayed replicas of the pulse to be measured [19 [[19]],  20 [[20]]]. These
replicas are then sent towards a spectroscope, both slightly space-delayed with each other,
which is similar to a spectral shift. Such an experiment produces an unsteady interferogram
given by [19 [[19]], 20 [[20]]] :
   

S (ω , t)=|~E (ω )|2+|~E (ω +Ω)|2+2|~E (ω )~E (ω+Ω)|cos [ω τ +Ω t+ϕ (ω )−ϕ (ω +Ω)]
   

 

 
   

simplified notation can be:
   

ϕ (ω)−ϕ (ω +Ω)=−ϕ ' (ω )Ω
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We should now consider the case of pulses presenting a spectral phase which has quadratic

and cubic terms: . Therefore, the SPIRIT interferogram
contains  the  terms  of  the  form   and  linear

and the corresponding phase term is given by:
   

π
ε 2 tan(aopt π / 2)

=Ωϕ(3 )

   

 

 
   

Conversely, the term of phase is directly obtained from the optimal fractional order by the
relation:
   

ϕ(3)= π
Ωε 2 tan (aopt π / 2)

   

 

 
   

Figure 11 shows an experimental example of this type of SPIRIT signal.
   

Fig. 11 SPIRIT experimental interferogram
   

 First  of  all,  we  made  fractional  Fourier  transforms  of  different  orders  of  this
interferogram. Figure 12 shows the results. There is a specific order ( ) which
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Fig. 12 - Two fractional Fourier transforms of different orders of the experimental SPIRIT
interferogram.

   

 Secondly, we applied the method of decomposition in fractional Fourier series to the
interferogram. Figure 13 shows the values of  the different  orders  of  decomposition

.
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Fig. 13
   

* Fig. 13 - Cartography of the decomposition coefficients 
We can differentiate a particular  domain  (see the arrow).  It  is  due to the term of  linear
frequency drift of the SPIRIT signal. This peak is in position  (as seen before). We
then have:
   

π
ε 2 tan(aoapπ /2)

−Ωϕ(3)=0

   

 

 
   

We took  in these simulations, which allowed us to infer  . Besides,
this peak is in position  and we can write:
   

τ −Ωϕ(2)−
2π nopt

∆ω =0
   

 

 
   

 is the basis of the interferogram. In our case  ,    and

Remarque
These values have been experimentally confirmed [17 [[17]]].

Attention
The fractional methods allow us to determine the coefficients of quadratic and cubic
spectral phase.
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Remarque
When we perform a decomposition in fractional Fourier series, we can then rebuild the original
signal based on this decomposition. A screening is then possible if we adjust the number of
functions considered in the reconstruction process.
Figure 14 illustrates such a reconstruction from an interferogram with interferences (this is a
case of simulation).  The reconstruction was made by taking into account all  the functions

. Noise is efficiently eliminated via reconstruction.
   

Fig. 14 - The noisy signal and its reconstruct
   
   
   

* *

*

The aim of this  chapter was to present the potential  use of  fractional Fourier  analyses to
describe light pulses. We have more particularly shown that this formalism very well describes
the propagation of light pulses in dispersive fields. It is also a suitable way to characterize
frequency drift light pulses.
It  should be noted that we do not want to change standard existing methods, but rather
present other little-known methods which have true potential of analysis.
Thanks: I would like to thank Sébastien Coëtmellec and Denis Lebrun who conducted
these  studies  with  me.  I  also  thank  Frédéric  Louradour  and  Mickaël  Lelek  who
recorded the experimental SPIRIT graphs (figure 11).
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