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II.Course

1. The detection of linear frequency chirped functions

1.1. Linear frequency

We want here to point out the usefulness of fractional Fourier transforms to analyse linear
frequency chirped signals also called chirps. These signals are characterized by the linear
evolution of their spectral contents. The harmonic signal u(x) is defined by:

u(x)=exp(i2my x).

(1.1)

And its instant frequency is:

)= 2ot
(1.2)

)

Where ®(%) is the phase of u(X). The signal ¥(X) is said to be stationary if for any x the
instantaneous frequency fi(%) is constant [FIa98 [[FIa98]]]. The standard Fourier transform is
well adapted to analyse such signals. The FT of u(x) allows us to point out its spectral
properties synthetically. This function is a Dirac impulsion centred on the X frequency.
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(a) Real and imaginary partof () (b) FT of u(x)
Figure 1
* Figure 1: Representation of u(x)=exp(i2 n x x2). and its FT.
Figures 1(a) and (b) represent 4(X) and its FT. If the function #(X) is the linear frequency
chirped function so that:

u(x)=exp(i2m y x°).
(1.3)

Conception & production : Le Mans Université



Course

Its fractional Fourier transform is equal to:

1+itan y . 2 2xy—tana
F = —— .
lulx)] 1+2xtananpl”rx 1+2;(tana]

(1.4)

T

a==

For 2 we find the standard Fourier transform which is again a chirped function.
1

o = Wopr = arctan (——

Conversely, for 2)() and when using equality [H.01 [[G.78]]]:

lim -
£0 T1E

We obtain:

(1.6)_

This time the Dirac distribution is centred on the origin of the coordinates. The function u(x) is
therefore a centred function.

Remarque

The fractional order defines the frequency drift. Fractional Fourier transforms allow us to detect
linear chirps in a signal.
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(a) Real and imaginary part of g(«) (b) DFRFT of g(x), Fa,,, [g(x)]

Figure 2

* Figure 2: Representation of &(X) = exp(i2mxx*) and its optimal order FFT.

Figures 2(a) and 2(b) illustrate this property. Besides, this property will allow us to conduct a

metrology since diffraction phenomena in Fresnel's approximation have a linear frequency
drift.
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2. Propagation in a clear space and fractional Fourier
transforms

2.1. Propagation equations solved by standard FTs

First of all, we shall consider the case where the wave of amplitude U propagates between two
planes separated by a distance z as illustrated in figure 3.

U(r,0) U(s,z)

Figure 3 : Wave propagation between two planes separated by a distance z

The left plane is the reference plane situated on z = 0. It comprises the amplitude of the field
noted U(7,0) with ¥ = (£,7). The right plane is the target plane situated at a distance z from the
reference plane. It contains the amplitude of the field noted U(s,2) with § = (x, ),

Rappel

The propagation wave between two planes in a clear space is controlled by the following
differential equation [Sie86 [[H. 01]]]:

ViU(s,z)+i2k—aUa(s’Z)=0,

(2.1) )

Where L defines the transversal field of U(s,2). kK = 2n/A is the wave number and A the wave
length.

To solve the differential equation, we use the standard Fourier transformation. The
transformation is defined by:

FLA(s)(o)=7(a)="" [ f(s)expl—i2as]ds,
(2.2)
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With 0 = (4,V) and its norms is © = Yu? +v2, y and v are the spatial frequencies following the
two coordinate axes, do = dudv. The scalar product o, s gives (ux +vy). Differential equation
(2.1) in the spectral domain becomes:

M=4E2U2U(a,z).
0z

(2.3)

i2k

In the spectral domain, the differential equation of second order for spatial variables (*,¥) and
first order for variable 2 is transformed into a first order equation 1 for propagation variable 2.
Its equation can be solved such that:
Ulo,z)=U(c,0)exp[—izAza].

(2.4)
The expression of U(s,2) in the spatial domain is determined by an inverse transformation of
U(c,2), that is to say:

Uls, z):fiz f:: Ulo,z)expli2nsoldo.

(2.5)

By putting equation (2.4) in (2.5), we obtain:
(s,z2) fm fm Ul(o,0)xexp[—imAzo’]expli2xs-o]do.
(2.6)

Thus, we obtain here a Fourier transformation from the product of two functions in o.
In the spatial domain, it gives a convolution product. As:

+00 2
[ ot sman= T o] ]
— o0 p 4
(2.7)
we obtain the value of the field after propagation so that:

U(s,z):U(s,O)*lMlLZ exp(%sz)].
(2.8)

The symbol * represents the bidimensional convolution for spatial variables. The integral form
of relation (2.8) is well known:
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We often find the expression in its developed form so that:

Uls,z)= izexplTs ]IIU r.,0) explTr ]exp[—zi—];r s]d

(2.10)

Remarque
In this paragraph the standard FT was used to solve the propagation equation.

Attention

The mathematical structure of Fresnel integrals has nearly the same structure as
Fractional FTs. So, there is ho reason why propagation integrals cannot be expressed
using Fractional FTs.

The following paragraph will explain this method.

2.2. Propagation described by fractional FTs

a) Dimensioning variables
Définition
The mathematical definition of fractional Fourier transforms is:
+00
I FAGEIE

(2.11)

F[f(r)(s,)=C(a) eXp( )eXp(—i2er£“a)dr,

with:
Cla)=S0lia]
sima

(2.12)

where a > 0.

As it can be noted, if we want to describe propagation through spatial variables, the definition
of fractional FTs is problematic because its variables have no dimension. This is the first
problem. A solution was offered by [Loh93 [[Loh93]]]. This solution consists in optically
interpreting fractional F'T's in Wigner space.

The optical elements of this interpretation need to be found.

Rappel

The a order fractional FT of a function induces a clockwise a angle rotation to its Wigner
distribution.

Lohmann divided this rotation in three steps as illustrated in figure 4.
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Figure 4

Figure 4: (a) reference outline, (b) frequency stretch, (c) special stretch, (d) frequency
stretch. x, spatial variable ; Fx, frequency variable.

This figure is for a n/3 angle «.

These 3 steps consist of the frequency stretch of the distribution, then a spatial stretch and
finally another frequency stretch. Frequency stretches are optically obtained through a lens
and the spatial stretch through a convolution product, in other words propagation. In [Loh93
[[Loh93]]], parameter € appears in the form of an abstract focal J1 without physical direction.
This ambiguity was found by replacing parameter Afi by €* when interpreting fractional FT's
by a Wigner distribution.

The interpretation of fractional F'7T's can be expressed as:

Fa[f(r)](s):C(a)exp(i 2;;52 )ffiif(r)exp(i 27”2 )exp(—i2fr€2;ia)dr

€ tano € tano
(2.13)

where variables [s][7] and [€] have the dimension of a length. The normalization coefficient
C(@) equals to:
Cla)= 2010
i€ sina
(2.14)

For e =1 and variables without dimension, the mathematical definition of fractional Fourier
transforms is found again. In our case, the definition given to € is linked to the way we sample
the signal and to the expression of the digital FT. In fact, digital technology is employed in
metrology using fractional FTs. To define the value of €,we have to write the definition of
fractional FTs where @ = 7/2;

Fools ())s)=Clai2)[ [ f<r>eXp[-izﬂrE_§]dr.
(2.15)

Its discrete version equals to:

Efmalk=Cz) S S f(m,n)expl—i2n(mk(sféx"'nlézéy)]ééén
€

m=—M/2 n=—N/2 €

(2.16)
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Where 9 and 6« refer to the sampling interval of f(r) and its transform on the x-axis, and 0y
and % on the y-axis.

The number of samples is M on the x-axis and N on the Y-axis.

No matter if we are in the spatial or spectral domain, the number of samples is the same.
Relation (2.16) has to be written as a discrete computer-generated Fourier transform, namely:
—i2fr(mﬁk+n—]\i)]5§(5n

M/2—1 N/2-1

Fonlf (m.n))(k.1)=C(x/2) 3 >, f(m,n)exp

m=—M[/2 n=—N/2

(2.17)

By identifying relations (2.17) and (2.16), we obtain:

0.0 1 0,0 1
—é x:— U = —_—
2 and = v

Digital F'Ts only “see” pixels without dimension, just like FFTs (Fast Fourier Transforms).
Therefore, no matter the description domains used (spatial or frequency), pixels are the
sampling unit.

That is why we assume 0¢ = 0x and On = Jy,

Attention

Generally speaking, pixels are identical on the two axes of the description plane and
for any description domain. So, the sampling interval chosen equals to 6.

Most of the time, the number of pixels on both axes is the same: N = M. If this is not
the case, the dimensions of the image are cut off to obtain a square image. We
eventually obtain:

e€=N&§
(2.19)

If a square dimension image cannot be obtained, two ¢ are defined such that
€= (& €) =M, N)52_

b) Residual bends

As Fourier transformations are a special case of fractional F'Ts, we can write:

ool )s)=L [ f(r)exp(_,-znrg_f)dx.
(2.20)

From this definition of FT's, equation (2.4) becomes:

2

U(s,z):U(s,O)expl—iﬂA zs—4 .
€
(2.21)

—_

10
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U(r,2) is the inverse Fourier transform of U(8,2):

oo 2
Ulr,z)=C(~x/2)[ fﬁw U(S,O)expl—iﬁ/lz%]exp(—i2ﬁ+
€ €’sin

ds,
(—m/2) °

(2.22)

which can be also described as an fractional Fourier transform of @ order such that:

. _C(—nxl2) .
Ulsy.z)= Cla) exp( leztana

where:

and of fractional order:

cota =

(2.25')S

5 -

As the distribution of the field U(S,0) is the /2 order fractional Fourier transform of U(r,0),
using composition FooFap = Fa+ﬂ/2, we can define the amplitude distribution of the field at a
distance z following the amplitude distribution at the distance z = 0 by factorizinga ¥ = @ + n/2
order fractional Fourier transform with a quadratic phase term such that:

2

TS,y

i

A

U(s,,z)=cos yexp[—iy]exp F,[U(r,0)](s,)

€’/tany
(2.26)

According to Bonnet and Pellat-Finet [P.94 [[P.94]]] [Pel.94 [[Pel94]]], relation (2.26)
emphasises the problem of quadratic phase residual depending on variable s. When the
diffraction in Fraunhofer approximation is considered, a standard Fourier transform is enough.
In this approximation, quadratic phase terms are not involved. In other words, bends are not
involved either. Only planes are considered.

Remarque

When Fresnel approximations are considered, we noted that fractional Fourier transforms can
be used, but this interpretation leaves a quadratic phase term. Thus, this is not a standard
fractional FT. The notion of plane is not adapted to analyse imaging systems in coherent light
quantity.

The metaxial theory seems to be an outcome of the paraxial optics theory.
Bonnet clearly explains his approach:

Research on coherent imaging requires that equation (2.26) does not contain the term s which
affects it. This quadratic phase term refers to the notion of transparent bend. This transparent
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bend becomes neutral for a special bend [G.78 [[H. 01]]].Therefore, we find a coherent

u(r,0) U(sv,z)

Z

Figure 5
* Figure 5: Coherent image on the portion of a sphere with a radius of curvature
Ry = €?/(Atany)
Thus, ghe coherent image of U(7,0) can be found for a sphere with a radius of curvature
Ry = €7 /(Atanvy) as jllustrated in figure 5.
The field for the portion of a sphere is defined by:

»

A

Ul(s,,z)=cosyexp(—iy)F,[U(r,0)](s,)
(2.27)

with the following scale changes:

Uls,,2)=U| > =
Sy, 2)=U\ Gsy B o SyTscos

(2.28)
The 7 fractional order transformation involves a change in relation (2.25):

Az
tan y=—-
€

(2.29)

The properties of fractional F'Ts become interesting when describing propagation.

If z tends to 0, the ¥ order is null. So, the fractional operator tends to Fo which is the identity
operator.

Now, if Z tends to infinity, ¥ tends to /2. This is the standard FT operator.

Conception & production : Le Mans Université 12
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Figure 6
* Figure 6: (a) Gaussian function at z = 0 with Wo = 30um 2 =633 nm .
As far as diffraction is concerned, this is diffraction in Fraunhofer approximation.
Therefore, there is a continuum between the reference field and its angular spectrum.

Attention

The theoretical notion of spherical sensor does not present any particular problem in
most metrology methods. A sensor is a quadratic sensor only sensitive to intensity.

2
The phase term in 57" of equation (2.26) is not involved.

c) Example

If we take a Gaussian beam with an amplitude defined by:

U(r,O)Zexp[—r—zzl,

W,

(2.30)

with wo the radius of the beam in 1/e. Figure (6) provides a graphical representation.

13
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Figure 7
* Figure (7): intensity distributions in z = 50 mm with wo =30 um A = 633 nm .

The amplitude distribution of the Gaussian beam at a distance z given Fresnel relation (2.10)
equals to:

U(r,z)zéexp —;72 exp iirri2 ,
1+,-(£) w’(z) AR(z)
.7[6()(2)
(2.31)
with:
AT -1
A rwl\ " ( /lzo)
z
w(z) 7T, l+( /lzo) , and R(z)=z 1+7 .
1+( O)
Az

(2.32)

2 2
The comparison between the intensity distributions [U(r,2)I* and [U(sy, DI°, with wo = 30 um,
A =633 nm and z = 50 mm , is illustrated in figure (7).

14
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The ¥ fractional order equals to 1.426 rad, and amplitude distribution U(Sy» 2) is found for a
sphere with a radius of curvature Ry = 1.0598 mm

With the definition of €2, we synthesized the mathematical and optical definitions of FRFTs and
the digitization of optical signals using a system of digital acquisition.

3. Fiber holograms analyzed by fractional FTs

The direct analysis of diffraction fringes can resort to different methods of digital restitution,
for example inverse Fresnel transformation.

This method prevents us for finding the shape of the object back when the coding beam is
astigmatic: curvature radiuses in two orthogonal axes x and Y are different and nothing can
invites us to choose different quadratic phases in Fresnel core.

Besides, fractional Fourier Transforms enable us to choose different quadratic phases following
both axes.

The intensity distributions of a diffracted field by objects (fibers, particles, etc.) recorded on a
quadratic medium in in-line-holography will involve different linear frequency drifts along the
axes (X, ¥) of the image.

Nevertheless, we consider here that the beam is flat and has no aberration. This section offers
a method to analyze fiber holograms by fractional Fourier transforms. The approach within
fractional TF metrology is first to define the intensity distribution in the quadratic sensor plane
and, secondly, to identify the functions having linear frequency drifts to analyze them using

fractional FT's.
y Y
X’ é—’ z X é—)z

[1-0(x"y") 1 A(XY)

Figure 8

15
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3.1. Equations of fiber holograms

a) Calculation of the fiber-diffracted field

We consider an opaque object, noted [1 -0, ¥)] located at a distance z from the CCD
sensor, as shown in figure 8. According to Huygens integral and following Fresnel
approximation, the amplitude of the complex field, noted A, Y) is given by:

ex (iz—ﬂz) oo i
A(x’y):%fw[l_o(""y')]exp(g[(X—X’)2+(y—y’)2])dx’dy’
(3.1)

In the particular case where the transmittance of the object is expressed by a one-dimension
function, equation (3.1) is expressed in a simplified form:

27z

A(x):#ffz[I—O(x’)]exp(;—z[(x—x ')2—ﬂ)dx'

(3.2)

For an opaque fiber of diameter d centered in the origin, the transmittance of such an object is
defined by the following equation:

O(é‘)=rectl§]:[1 if|¢l<d/2,

0  otherwise.
(3.3)

The complex field A(X) is expressed using first and second level Fresnel integrals:

)
A(X)ZI_T'{ /'(ﬂl)_/(lu2)+l['/ (xul)_'/ (1“2)]}:

(3.4)

2 2
pi = 4= (x+d/2) p2 = 4| —=(x—d[2)
where Az and Az . C(x) and P(x) are first and second level
Fresnel integrals. Their definition is:

- (x):ﬁcos(%tz)dt and J'(x):j": sin(”th)dt.
(3.5)

Conception & production : Le Mans Université 16
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In the far field approximation, i.e. when 2> 10d?/4, the intensity distribution is expressed by
the following equation:

I(x)=1- 7’ E]F(x)+LF2(x)

2
mcosl Az 4 Az
(3.6)

Figure 9 gives an example of intensity distribution.
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Figure 9

* Figure 9: Representation of the intensity distribution I(X) for z = 100 mm ang d = 60 um,

Az 7T dx
Az

F(x)=dsincl"’x]:8in(];ix)

(3.7)

The expression is the Fourier transform of O(xX'). As shown in equation (3.6), Intensityl(x) is
partially described by a real linear chirped function:

2
T X
COS[ —E‘l.

Az 4
(3.8)
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We will show that it is possible to analyze this type of signal by fractional FTs. As far field
approximations are less restrictive than near-field approximations, we first focus on equation
(3.6). The results remain valid in the near field.

As noted in the lesson or the previous chapter, the most important property of fractional
Fourier transforms is that which connects them to Wigner distribution functions. Therefore, in
the following paragraph, we will first examine the Wigner distribution function of the second
term of equation (3.6).

b) Wigner distribution functions of a rectangular opening

We should keep in mind that Wigner distribution functions are defined by the integral form:

WS,S()C,v)ZWS()c,v)ij> S(x+%)-§(x—§)exp(—i2ﬂv§)d§,

(3.9)

We shall examine the case of a function S(x) defined by:

s(x):cosl“z—ﬂlF(x).

Az 4
(3.10)

The function S (X) is the sum of two exponential terms:

S (x)Zlexp(—il)SJxH%exp(i%)S_(x),

2 4
(3.11)
with:
ax
S+=exp(+i—)F(x)
Az
2
S =exp(—i Ax F(x)
(3.12)

Wigner distributions are bilinear. Therefore, a nonlinear term will appear (called interferences)
in the case of a multi-component signal. The Wigner distribution of (3.10) is finally:

Ws(x,v)Z%[W&(x,vHWS(x,v)]+N(x,v).
(3.13)

Using the method of stationary phases, the development of a nonlinear term, noted N, gives
the following result:

N(x,v)=ksinc[§—d(x+2/lzv)lsin clj—d(x—Z /lzv)lsin[%xz—br/lzv%%

z V4 z

(3.14)

18

Conception & production : Le Mans Université



Course

//lz
with 4r . We clearly see that interference terms contain all information related to the
system, that is to say the information about the axial position Z and the diameter d of the
fiber.

However, a study on this part of the signal does not seem trivial to describe diffraction
patterns.

Remarque

If an energetic profile is desired, its contribution is weakened by the fact that it takes positive
and negative values.

Therefore, we focus on the first two terms of equation (3.13).
Considering that F(x) is the Fourier transform of O(X') and that relations (2.32), (2.33) and
(2.34) of the first lesson on the bases of fractional FTs and their properties to Wigner

distributions, the first two terms of equation (3.13) can be written as the sum of the following
Wigner distributions:

WS+(X’ v)+WS.(x’ V):WO(_V-Fﬁ’ x)"'Wo(_V_%’ x)

(3.15)

where:

Wl vy=(a—lx)sinlv(d =) et £
(3.16)

Wo(x, V) is the distribution function of the rectangular function defined by (3.3).
Figure 10 illustrates the Wigner distribution of S(x).

Conception & production : Le Mans Université 19
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Figure 10

* Figure 10: Representation of the Wigner distribution of S(x) for z =100 mm and d = 60 um
€2 = N&%, N is the number of samples and & the sampling interval.

In this example, the distance z chosen equals to 100 mm and the diameter d equals to 60 um,
This graph indicates the two distributions Ws(x,v) and Ws(x,v) and also the four external
interference zones linked to the bilinearity of the operator.

The two branches of distribution are centered on variation laws vV = X/AZ and v = —x/ Az,
Wigner distribution keeps the opening of the function on which it is applied.

Therefore the width of every branch corresponds to the diameter d of the opening of the
rectangular function ((rect(x/d)),

The intensity distribution I(x) (equation (3.6)) was traced in figure 9. In this case, the constant
was removed.

This operation allows us to clearly indicate the Wigner distribution of the useful signal.

In fact, in Wigner space, a constant is translated by a Dirac pulse which prevents any signal
description.

The representation in figure 9 is associated with its representation in Wigner space noted Wi,
(figure 11).

20
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=20 =15 =140 -5 0 5 10 15 20

2 -1
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Figure 11
* Figure 11: Representation of the Wigner distribution of 1(x) , noted Wi. for z = 100 mm and
d=60um
We can note the effects of the autocorrelation term of the function rect(x’/d) on the
interference terms.

Given the relation linking Wigner distribution functions with fractional Fourier transforms, we
shall use this transform to restitute fiber holograms.

3.2. Fiber holograms restituted by fractional FTs

Our aim is to indicate that fractional Fourier transforms allow us to restitute hologram images
when the best fractional index is chosen. Once again we apply the same argument on the term
noted S(X) and calculate its fractional Fourier transformation:

F“[S(x)](x“)zc(a)eXp(i zﬁxj >I+Z°°S[%—%]F(x)exp(i zﬂxz )exp(—iZJr zxax )dx,

€ tana € tan o e'sina
(3.17)

21
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If equation (3.17) is written as the sum of fractional Fourier transforms, we obtain:

Fo[S(x)](x,)=S: (x2)+S,.(x.),
(3.18)

The calculation of Sa+ and Sa— gives the following results:

. 2
5, (5= I 7

Az
(3.19)
and:
_exp(+iz/4) X
Sa—(xa)_ \/E exp l AZ FH—[F (x)](rxa)’
(3.20)
where:
tan 6 + :% et r= s.1n6? .
lij—tana siha
z
(3.21)
Intensities Sa+ and Sa— are therefore written:
1
Su (xJP=IF LF ()], ),
(3.22)
and:
1
|Sa-(xa)|2:E|F€-[F(x)](r'xa)|2'
(3.23)

These expr;rassions carry out the Radon projection of Wsu«+ and Wsa- following an axis X« having

a- .
an angle 2 with the x axis.

Rewriting Fa[S(X)]1(x4) as a function of two FRFT of order 8+ and 6_ helps its interpretation. In
fact, if:

a=a,,= arctan(Az/€’)=0,
(3.24)

Equation (3.21) shows that 6- tends to 7/2 and therefore Fo- becomes a standard Fourier
transform.

2
If we leave out the constant 1/4z, 1Sz, (Xl i nothing but the object function O(xa).
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It is worth noting that relation (3.24) represents a digital re-focalization on the fiber image
considering relation (2.29).

Actually, it corresponds to the cancellation of the phase term owing to the propagation on a

}:Iri%tance Z. Thus, the envelope is extracted, but this envelope is used to carry out standard
s.

Attention

The phase term cancelled by an optimal order fractional FT corresponds to an
optimal rotation in the Wigner representation where one of the two branches
becomes parallel to the spatial frequency axis V.. This relation is well-known to turn
a frequency drift into a Dirac pulse.

a) Simulations

In practice, the intensity level of a diffraction figure background does not have any interest.
From a physical viewpoint, it corresponds to a unitary reference wave. The constant term of

I(x) = A(X)A(x) will be therefore removed to obtain a mean close to zero.

I indicates the corrected function. le(Xa) is its representation in the fractional domain «. For
example, we will use again the curve in figure 9, obtained for ¢ = 60um, z =100 mm and
A = 632.8 nm (wavelength). Its Wigner distribution function is represented in figure 11. Let us
apply fractional Fourier transform on 1(x).

We obtain lea(Xa)I* for which figure 12 illustrates the fiber restitution.

1.8 T T T T T T T T

I _

0.6 - .

0.2 .

0 e T

=1 =08 =06 =0.4 =02 0.2 0.4 06 0.8 1

a
X imm
, (mm)
Figure 12
* Figure 12: 1.(X) restitution by FRFT for the optimal fractional index 0.5.

This curve is very close to the rectangle function.

The oscillations are linked to the crossed terms of relation (3.13) and the projection of term
Su+ on the X4 axis in Wigner space.
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The Wigner distribution of this transform (figure 13) highlights a n/4 rotation of WIL. This
rotation is the best one found thanks to relation (3.24). With this operation, we made the
distribution linked to S parallel to the spatial frequency axis. By calculating the square of its
module, energy density is optimized by projection. If we had carried out an opposite order
a = —0.5, we would have made the Wigner distribution linked to Sa- parallel to the spatial
frequency axis as indicated in figure 13. In this case, we would have focused on real images.

We showed that fractional Fourier transforms were well adapted to analyze diffraction figures.

The intensity distribution of in-line holograms is partly described by two joint linear chirped
functions.

We established a relation allowing us to link the fractional index to the position of the object
during the recording.

Hence, we note that, if the frequency drift is cancelled, we focus on the object at the same
time.

Finally, thanks to the definition of 62, we synthesized the mathematical definitions of FT, the
optical definition of FRFT and the digitization of optical signals by a digital acquisition system.

-20 -15 =10 -5 4] 5 10 15 20
xa!ez (m m_1}
Figure 13

* Figure 13: Representation of the @ = ©t/4 order FRFT Wigner distribution of lca(Xa).
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